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IIpenuciaoBue

MHoro neT A npoBoAuJ 6ecelibl CO CTyJeHTaMU 10 U30paHHbIM
BolpocaM MaTeMaTHUKU, KOTOpble MOM#HO HU3JIOMUTh Ha ypPOBHE,
MOHATHOM [JiA CTYJEHTOB, U3YUUBIINX Kypc MaTeMaTHUeCKOTO
a”Hanu3a. fl mpoBogua nomobGHbIe Oecelbl B Kiaaccax Xupuebpyxa
B BonHe, no npuraamenuto [llnombioka B yHuBepcuTeTe MoHpea-
1A, HecKolbKo pa3 B Briciieit HopmanbHoii IlIkone B Ilapuse neT
decATh Ha3all, No3JHee B YHUBepcuTeTe uM. I'ymboabTa B bep-
avHe o npuriaamenuio Kpamepa u peryadapHo B Teuenue 1980-x
no npuraameHnuio Bycerroasiia B ETH B Hiopuxe. 1 6aarogapen
Y. llltambaxy, KoTophlii nepeBed lllopuxckue JeKIUU Ha HeMell-
KU A3BIK JJA NyOJUKalluU B ypHaje «JieMeHTbl MaTeMaTUKUy
¢ 1992 no 1997 r. Ilocneguuii pas A BeIcTylal ¢ TaKUMU GecegaMu
B accolldallui CTyAeHToB-MaTeMaTUKoB B bepriau aetom 1998 r.
u B YHuBepcuteTe Texaca B OcTuHe B HoAOpe 1998 r.

Tenepr A mnpepnaraio Bam cOOpHUK Oecel co CTyAeHTaMU
B BuJe KHUru. Ilogo6urie 6eceqbl MOryT NPOBOAUTLCA MpenoaaBa-
TeJAMU, HO, UTO ellle Jyullle, OHU MOT'YT MPOBOAUTLCA CTyIeHTa-
MU Ha ceMHHapax, opraHM30BaHHbIX caMUMU cTyaeHTaMu. Takue
Gecebl IPOBOAUINCH, HAIPUMep, B Mell1bcKOM YHUBEpCUTETE.

B Coenunennbix IllTaTax Heob6XoguMo JUKBUAUPOBATH Ma-
TeMaTHUYeCKyl0 6e3rpaMOTHOCTh 3HAUUTENbHON I'pPyMNIbl CTY€H-
TOB M TaKse HeoOXoAMMO YIYUlIMTh MaTeMaTHuyecKHe 3HAHUA
IKOJbHBIX yUUTeJel U HayYuTh UX 3 HEeKTUBHBIM clocobaM Mo-
MOIIM CTyJeHTaM NpU U3y4YeHUU MaTeMaTUKM Ha BceX yPOBHAX.
Heob6xoqumo moguepKHYTh pasinyue Mexay oOyuyeHHMeM B Ha-
yajbHOI IKoJe U oOyuyeHHeM B cTapiliuX Kiaaccax. Curyanus
3aBUCUT OT MHorux ¢arTopoB. KTo-To u3 maiofeit, npuyacTHbBIX
K IpenojaBaHWIO B HaYalbHOH IKOJe, onucajl MHe, Kakol YpOH
MaTeMaTHyecKoMY oOpa3oBaHHIO W MaTeMaTUYeCKUM 3HAHUAM
y:Ke HaHeceH K TOMY BpeMeHU, Korja IIKOJIbHUKU NPUXOAAT
B cTapliiuue Kiacchl. PazymeeTcd, A roBopio 06 o6l1ieM MoJ0KeHUU
ael, yacTHbIE cly4Yand HeoOX0AUMO OIeHUBATh M0 UX COOCTBEHHBIM
MepKaM.
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Ilon naBieHuMEeM HEKOTOPBIX NPaBUTENbCTBEHHBIX U COLMANb-
HBIX CHJ U U3-3a BbILIEYNIOMAHYThIX HEOOXOAMMOCTeH NMelu Mec-
TO HEKOTOpbIe Neperubbl, UTO IPUBENO K NOHUKEHUIO CTaHJapToB
U K TOMY, YTO KaproH cTal HeoOXOJUMbIM YCIOBHUEM IMOJY4Ye-
HUA (GUHAHCUPOBAHUA [JIA Pa3lUUYHbIX 00pa3oBaTelbHbIX NPOEK-
TOB. bonee fecATuieTHsa HasaJl BO3HHMKIO BbIpameHHe, YTO Ma-
TeMaTHKa J0N#Ha ObITh «HacocoM, a He GuiIbTpoMy. Heckonbko
NeT Hasaj B IporpamMMe, NpeiHa3HaueHHOH AJA CTUMYJIUPOBaHUA
MaTeMaTH4YeCKU OlapeHHbIX IIKOJbHUKOB CTaplIMX Kjaccos, [I3-
Buj Popauu cobpan matepuan no p-agudeckuM L-pyHKUMAM, KO-
TODbIH ABJIAETCA NMOHATHBIM MIKOJIbHUKAM BbINYCKHBIX KJAacCOB.
B To Bpemsa A 3ajgaBai Bompoc: p-aguyeckue L-QpyHKRIUU — 3TO
Hacoc wau ¢duabTp? Mutatis mutandis, TOT e BOIpPOC MOMKHO
3aJlaTh U O TeMaXx, BbIOpaHHBIX 1A 3Toil KHUTU. I'unoresa Puma-
Ha — 3TO Hacoc WM puiabTp? 3aKoH moiaynapaiieilorpamma —
3TO0 Hacoc uau ¢uiabTp? M3ydeHue rapMOHNYECKUX QYHRIUNH —
3TO Hacoc Iy QuiIbTp?

BripameHue «Hacoc, a He (PUIABTP» — 3TO 3arojlOBOK pasfe-
na (ctp. 6) my6auranuu NAS (HauuonanbHoil akageMuy HayK)
«Everybody Countsy (JIumuux niopeit HeT). dTa ppasa usHavanb-
HO npuHajiexana Pobepty M. YaiiTy, KoTopblit B To BpemA GblLi1
npesusienToM HanuoHanbHoll akajgemMuu HH:KeHepHbIX HayK. OH
ckasan: «MaTemaTuKa [foikHa ObITb HacocoM, a He (PUIBTPOM
B TpyOonpoBoJe aMepukaHckoro obpasoBaHusy. ['pynna yuute-
neii u3 Macauycerca ogHa#Abl ONPOCUIN MEHA NPUCOEJUHUTHCA
K IIPOEKTYy, CBA3aHHOMY ¢ MaTeMaTuyeckuM oOpasoBaHueM. Ilo-
ACHUTe/lbHadA 3allucKa K NpoeKTy Oblia o3ariaBineHa «CBA3aHHad
reoMeTpUA — ycuUJeHHe Hacocay U Oblia HamucaHa COOTBETCTBY-
IOIUM aprodom. fl cmpocun opranusaTopoB, 00A3aHbl JU OHU
nucaTb TaKUM 00pa3oM, 4TOObI IOJyUYUTh (PMHAHCUPOBAaHUE, U OT-
BeT 0 TenedoHy Obll «Aay. fI oTkasancA npucoeJUHUTHCA. ITO
He O3HayaeT, YTO fA He 3alHTepecoBaH B MaTeMaTH4yeCKOM o0pa-
30BaHMU Ha Bcex ypoBHAX. CMoTpuTe Moo KHUry «MaTematu-
Ka: BCTPeYH CO MKOJbHUKAMU CTapIINX KIACCOBY, 8 TAK#e KHUTY
«[eoMeTpuA: Kypc IJd cTaplleKIaccCHUKOB» (coBMecTHO ¢ l[ku-
HoM Mioppoy). Uto KacaeTca kHuru «['eoMeTpusy, A OJHAMIBI
MOJIy YMJI MUCBbMO OT yuuTeld (a Takme pyKoBoauTend pakyibTe-
Ta) B IIKOJe 1A AeBovyek. OHa Hanucana: «[Ipunaramorceda nuceMa,
HalycaHHble HEKOTOPBIMU yUYeHHUIlaMH AeBATOro Kjacca, U3y 4aB-
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MUMU Kypc reomeTpuu. UM xoTenoch 661 BCTPETUThCA C aBTOPOM
uX y4yeOHUEKa U, IPeACTaBUBIIMChL BaM, OHU MpPUTJIallaloT Bac Mo-
CEeTUThb 3aHATUA, €CIU Bbl OKaKeTeCh B... MECTHOCTH.

IlepBbiii rog A npenojai reoMeTpUIO MO BalieMy y4eOHURY,
M, KaKk NOATBEP:H#/Ial0OT HEeKOTOpble AEBYIIKHU, OH JOBOJbHO CIO#-
HbI#. fI HaxoKy Balll Kypc ocBexawuuM. Bbl ybequiau MmeHd nepe-
TU K MpenojaBaHNIO JOKa3aTelbCTB B «aparpagHoMy cTule. Ba-
M KOHCTPYKIIMM XOPOIIO afanTUpyloTcA K nporpamme «l'eomet-
pPUYECKHMI YepTe#HBbIH CTOJ», KOTOPYID MbI YacTO HUCIOJb3yeM.
A3bIK KHUT'U CTPOTUil, HO ACHBI W HCUepIbIBAIOUIUI. YUeOHUK
MPEBOCXOJIHO MOAXONUT [JiA Hallero BbICOKOIO ypPOBHA 3aHATHM
reoMeTpueny.

K ee nucbMy 6GbLIM NMPUJIOHEHBI TMCbMa OT JIeBYIIEK U3 3TOr0
KJacca.

HeroTopbie moiauTuku U, Kak pe3yiabTaT, HanuoHanbHbIN
@ong Hayku ABHO BbIpaskalOT TOUKY 3PEHHA, YTO JIEHer JocTa-
TOYHO JUUIb A (MHAHCUPOBAHUA UCCJIe0BaHUl, KOTOPbIE NMe-
IOT NpAMbIe NPUJIOMEHNUA, @ HE UCCIEJOBAHUN «I0 NPUYUHE JIIO-
6oneiTcTBay. f1 Bo3pamalo. TakaAd puTOpUKa CMeNIMBaeT BMECTE
HECKOJbKO BOIIPOCOB, KOTOpbIE 3aClIyUBAOT TOr0, YTOOBI 3TOT
y3ea Obl1 pacnyTaH. Cpequ HeMeJJeHHbIX NPUIO#EHU — HeoO-
XOJIMMOCTb UMeThb KOMIIETEHTHbIe KaJpbl NpernojaBaTeleii MaTe-
MaTUKU Ha BceX YpoBHAX. PazyMeeTcA, MHOTHEe yUuTeld KOMIIe-
TEHTHbI, HO TaK#Ke NUPOKO pacnpocTpaHeHa HEeKOMIETEHTHOCTD,
B JJOIIOJIHEHUE K HAJIMUYUIO HECKOJIBKUX cHUCcTeMaTu4yecKUu Hebaaro-
MOJNyYHbIX OKpYTroB. TaK#e cyllecTByeT BO3MO#HOCTh IIPUMEHe-
HUA MaTeMaTUKU B UHMEHEPHOM Jelle, OMOJOT U, DKOJOTUU, KO-
HOMMUKE, YTO OTHOCUTCA K HECKOJIbKO Apyroi obaactu. Kyna unyt
NEHbI'U, ABIAETCA N0 3aKOHY NMoJuTHYecKUM penieHreM. Ho npo-
TUBOJENCTBUE HCCIeJOBAHUAM «U3 JIOO0NBITCTBAY, Kak OyATO Ta-
Kie ucciefoBaHuA Gecrmode3Hbl (M0 KaKMM-HUGYAbL MOACYETaM),
He skenaTenbHO. Ilo ncToprueckuM o630paM JIOOONBITCTBO MpPU-
BeJ0 K 3aMevaTelbHbIM OTKPBITUAM BCEX TUIIOB, U HEKOTOPLIE
HauboJsiee pa3BUThbie obllecTBa B cTpaHax oT Kutaa u Unauu mo
CeepHnoit Abpukru u EBponsl (Coenqunennsie IllTaTer yacTo cra-
HOBATCA MCRJIIOUYEHHWEM) CUUTAIOT Hay4HOe JMOGONBITCTBO KYIb-
TYPHOi1 leHHOCTbI0. B 60JbIIMHCTBE CBOEM OTKPBITUA HAIlIU TaK
Ha3bIBaeMble NIPUIIO#EHUA, UHOTJa cpa3y, MHOrAa AeCATUIETUAMU
UIU CTOJeTUAMU Mo3#e. B ao6oM ciydyae pa3MblllIEHUA O Ma-
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TeMaTHKe ABJAIOTCA yIOBOJbLCTBHEM AJA MHOTHUX Jiojeii, u cy-
IECTBYIOT CBHUETENbCTBA, UTO Mbl €CTECTBEHHbIM 00pa3oM 3a-
nporpaMMUpPOBaHbI JIOOUTh MaTeMaTHURYy, [IOKa yI0BOJbCTBHE He
OyaeT pa3pyllleHO HEKOMIIETEeHTHBIM IMpenojaBaHueM WU JPYyTu-
MU collMalbHbIMU hakTopaMu. JI1060ii NATUIETHUI pebeHoK, C KO-
TOPBIM A BCTpeualcA, 00U cKIaAblBaTh UM BbIUMTATh YHCJA.
YTo nmpoucxoAuT Aalblile, 3TO HEUTO Jpyroe. IToO HEUTO JApyroe
MOsKeT TaKiKke BRJAIOYATh YUUTEIbHUIY W JeBYIIEeK Ha ee YPOKe
reoMeTpuy, YIIOMAHYTOM BbIIE, C UX JIOO0BbIO K T€OMETPUHU U
c UX 3HTy3ua3MoM. IloBTopsAlo, yacTHbIE cllyyaud AOJHHbI OLIEHU-
BaTbCA KamOblll Mo cBoeil cobcTBeHHOit MepKe. CKOJLKO AeTeli
ObLIM JOCTAaTOYHO yJauwiMBbI, YTOOLI MMONACTh B TaKoi Kjaacc?

UnHOBHUKU B IpaBUTeIbCTBE, B YHUBEPCUTETAX BHEIPAIOT
#KaproH, BRIOYAONUi Hacockl U GUILTPBI WK MoA0OHbIe BbIpa-
JKEHNA, MoATBep K Aaollre, YTo o6pa3oBaHie U HayKa MOAUNHEHbI
ceroJHAIIHeH collaldbHOi U MoJduTHUYecKoil opTogokcuu. Ilocuen-
Hee JoOaBjieHHEe K 3TOMY KaproHy — 3TO TEePMHUHOJOTUA «Bep-
TUKaJIbHO WHTErpUPOBAHHbIX» HcCCJeJOBaHUN U MpenojaBaHUA U
VIGRE! rpanTtsl, «VI» pacmmudpoBbiBaeTcA Kak «BepTHKaIbHO
WHTEer pupoBaHHbIiy. A 6ecefbl B 3TOIl KHUI'e BePTUKAIbHO UHTEr-
pupoBanubl? WUnu ropusontanbHo? Wiau nmoa KakuM-HUOYAb ApPY-
ruMm yriaom? Kto Hag kem cmeetca? f 6b1 XoTels, 4TOObI BCE BTO
ObLIO IIYTKON: B JeiiCTBUTEIbHOCTH 3TO OTHOCUTCA K (pUHAHCU-
pOBaHHUIO.

Tarx uyTo He oOpamaiiTe BHMMaHWe Ha Hacochbl, (UILTPHI
U BepTHKalbHYIO MHTerpainuio. I Hajlelwochb, 4YTO CTYAEHTbI WU
Jdase HeKOTOpble HIKOJbHUKU CcTaplIMX KJaccoB MoJdyuaT y[Io-
BOJILCTBHE OT 3TUX Oecell WJIN, BO3MOMKHO, OT HEKOTOPhLIX U3 HUX.
Pa3Hble cTyJeHTHI ¢ pa3HbIM YPOBHEM MaTeMaTHYECKHMX 3HaHHUM
WHTepecyTCA pa3HbIMHU BOIpocaMi, B pa3Hoe BpeMA U IJid pas-
HbIX Ieneii. /lame cpenum Oecell, MpedsoseHHLIX B 3TOH KHUTE,
CTYHAEHThI ¢ pa3HbIM ypPOBHEM MaTeMaTUUYeCKUX 3HAHUI HaAUOYT
HEeKoTopble Oecellbl IETKUMU, a Jpyrue 0oJjiee CIO#HBIMU WU He-
noHATHbIMU. IloaToOMy BbiOUpaliTe. Bam npugerca nopaboraTh ro-
JOBOM, U 3TO yIEepsKUT Bac goMa.

Hbio XaBen 1998 Ceporc

IVIRGE — ¢unancupoBaHue (rpaHT) BepTHKalbHO HHTErPHUPOBAHHOTO
NpoeKTa, CBA3AHHOTO C UCClIeJOBaHUAMU UIu ¢ obpa3oBaHueM. — Ilpum. ped.
7



IIpocThie uncia

A He 3HalO Ipyroro pasjaeia MaTeMaTUKU, OTINYHOTO OT T€O-
pPUU Yucell, B KOTOPOM MO#{HO IPOBECTU MaTeMaTUYeCKy1o Oecey
0 KpyHENIIMM HepelleHHbIM 3ajlayaM, IOHATHY IO JIAAM, IIpak-
TUYECKU He MMEIIMM MaTeMaThuuyeckoro obpasoBanud. [IIKkonb-
HUKU CTApLINX KJIaccoB, 3HAKOMbIe C OCHOBAMHU MaTeMaTUUYeCKO-
ro aHajiu3a, B COCTOAHUHU MOHATh OOJBILYI0 YacThb 3TOil Gecelbl
0 MPOCTBIX YHcaaxX. JTa rjiaBa HamucaHa Mo mMarepuaiaMm Oecef,
KOTOpPbIE Al IPOBEJ C HECKOJIbKUMM I'PyNIIaMu ciyliaTesei.

3lecb U B HEKOTOPBIX [APYTHUX riaBaX A YaCTUUYHO COXPaHUJI
CTUIb OpPUTHMHANBLHOW Oecellbl, KOrJa CTYJIeHThl CBOOONHO 3ala-
Bajld BONpPOCHI WU TpepbiBaiu pacckazunka. Moa kHura «Ma-
TeMaTHKa: BCTPEYM €O IKOJIbHUKAMU CTApIIUX KJIaccoBy (M3a-
teidbcTBO Illnpunrep) Gblia 3amucaHa MPAMO ¢ MarHUTO(QOHHBIX
JEeHT U MO03TOMY IOJHOCThIO BbIJIEp#aHa B pa3rOBOPHOM CTHUIIE.
XanMolll Korjga-To oXxapakTepu30Bajl TaKoil CTUJIb KaK «BYyJbrap-
HbIf» U 3anpeTus nyOJMKalUI0O OTPLIBKOB B #ypHale «MaTema-
Tudeckuit ememecaynury (Math Monthly). JecaTunerue cnycrs,
B 1990-x, 3Ta Gecenga Oblia CHOBA MpeioseHa A NyOIUKalUU
B «MaTemaTuyecKkuii exeMecAYHUK» U Oblia OTBEPrHyTa peak-
TopoM (Ha 3ToT pa3 Poxsepom XopHOM) U3-3a PA3roBOPHOI'O CTH-
a1d. Ho MHe HpaBuUTCA pa3roBOPHBIN CTUINb, U A OOHAPYHUJI, UTO
oH BecbMa 3¢ dheKTuBeH. PemuTe 3To a4 cebd.

IIpocThie 4yncia

KTo 3HaeT, 4yTo Takoe MpPOCTOE YHUCIO?

[Pasnvle cmydenmut us aydumopuu dawom onpedeaenue.

Xopoino, gaBaiiTe A 3anuiry omnpegeinedue. [Ipoctoe uuncio p
3TO IIejioe Yhcio > 2, Takoe, UTO AeduTeau p — aubo 1, nubo ca-
Mo p. Ilo cornaiienuto Mol 6epemM p > 2. IIpuHATO cuuTaTh, U4TO 1
He fIBJIAeTCA MPOCTBhIM YKCIOM. TaKk KaKkoBa e IocjeqoBaTelb-
HOCTb MPOCThIX yncea?! OHU clegyloliue:

2,3, 5,7, 11, 13, 17, 19, 23, ..., u T. 1.
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YTo o3HauvaeT «u T. H.))? ByneT JN 1ocjeJoBaTeJbHOCTDb IIPOCTBIX
quces npoaojraThbCA OeCKOHEeYHO MU OHAa OCTAHOBUTCA? I[pyr‘l/l-
MU CJIOBaMMu: CymecCcTBYeET JHU OeCKOHEeYHOe KOJUUYeCTBO IIPOCTLBIX
qyucesl WK cymecTByeT TOJbKO KOHe4YHOe KOJIHNYeCTBO IIPOCTBIX
yncen?! OTBeT Ha 3TOT BOIIPpOC M3BeCTeH CO BpeMEH EBHJII/I,IIa.

TeopeMa. IIpocmbL.r yucea 6eCKOHEYHO MHO20.

BbI 3HaeTe, Kak ee JoKa3aTh?

[ Hexomopbvie cmydenmul ckasaau, Ymo 0oKa3ameabcmeo uM
Heuszsecmno. Odun u3 cmydenmos npusea doxasameabcmeo.|

Hla, 3To JmoKa3aTelbCTBO, U A JOJKeH ero 3anucarhb. IlycTh
2, 3,...,p — mpocThie 4ucia, MocjieqoBaTelbHO MepevyrcieHHbIe
A0 HEKOTOporo mpocToro 4yucia p. Temepb HaM HY#KHO IMOKa-
3aTh, UYTO CYIIEeCTBYET ellle OJHO MPOCTOe Yucio, oTAnvalolleecs
oT 2, 3, ..., p. Ecain MbI cMo3KeM MOKa3aTh 3TO, TeM CAMBIM MbI
MoKaxeM, UTO cyllecTByeT O€CKOHEUHO MHOI0 MPOCThIX UHCel.
IloaToMy o603HaYUM

N=(2-3-5---p)+1.

Ecaiu N — mnpoctoe, Torga N 6odblile, 4eM p, U Mbl HallJIU ellle
0IHO mpocToe yucio. Ecau N He mpocToe 4KMCI0, TO UTO MPOUC-
xoguT? B 3Tom ciyuae N menuTcA Ha KaKkoe-TO IPOCTOE€ YHCIO.
lleficTBUTeNbHO, /N pacKiiagblBaeTcA Ha MHOMUTENU KaK MPOU3-
BeJleHHe JBYX MEHbLIINX IMOJOMUTENbHBIX IelbIX uncel. Ecau on-
HO M3 HUX IPOCTO€e, TO MbI y#Ke HaIJId MPOCTOoe YUCIO ¢, Jeid-
mee N. Ecau HeT, Mbl MO#€eM pacKjagblBaTb Ha MHOKUTEIU DTU
neable yrciaa. Takum o6pa3oM, Bbl IpoO0JdaeTe pasjoxeHre Ha
MHOKHUTEIN U Bbl HE cMOKeTe NPOJOIMKUThL 3TOT Mpoliecc Ao Oec-
KOHEYHOCTHU, T.K. MHOMKUTEIN CTAaHOBATCA MeHblle. IloaToMmy Ha
KaKkoM-TO IIare Bbl MOJy4YUTe MpocToil AeiuTedb q uuciaa N. Te-
nephb Hallle yTBep##JeHre COCTOUT B TOM, UTO POCTOl AedUTelb ¢
yrcaa N [ojieH oTAUYaTheA oT uucenl 2, 3, ..., p. llouemy sTo
Tak?

[ Herxomopuwle cmydenmul 6 aydumopuu darom omeem.]

Ma, ecau Bbl pazgenuTe N Ha jai000e U3 MPOCThIX YU-
cen 2,3, ..., p, To MOJAYyUYUTe ocTaToOK 1, a ¢ — mpocToe 4ucio,
KoTopoe neiauT N 6e3 ocTaTKa U MO3TOMY ¢ He paBHO HUKAKOMY
M3 MPOCThIX yucenl 2, 3, ..., p. Takum ob6pa3oM MbI JOKa3alwu,
YTOo cyllecTByeT 6€CKOHEYHO MHOTO MPOCThIX YUCell.

JTo [0Ka3zaTelbCTBO COCTaBJIeHO BO BpeMeHa EBKiaupa.
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IloncueTsl

MbzI xoTUM cocynTaTrb, CROJbRKO cymeCcTBYEeT IMPOCTbIX YHCEI.
Tak Kak Ux 6eCKOHEeUHO MHOI'0o, HaM cjieayeT YTOYHHUTb, YTO MBI
nMeeM B BUOY. HYCTI:; MMeeTCA MoJoKuTelbHoe ynuciao x. 0603Ha-
YnUM

() = KOIUYECTBO MPOCTBLIX YKCET, KOTOpPhble < .

MbI xoTUM olleHUThb 4ucio 7(x). Takad olleHKa 3aBUCUT OT BEPO-
atHocTU. O6mman punocodus, BiepBble NOABUBIIAACA KaK MpeIo-
noxkenue ['aycca, cOCTOUT B TOM, YTO BEPOATHOCTH TOT'O, UTO N —
1
logn
poHoMy JHEKe B 1849 r., U TaK:e Hamucal, YTO OH OOHApPYKUJ 3TY
dopmyny B 1792-1793 romax, korga emy Ob1iao Bcero 15 unu 16
net. I'unote3a 'aycca — ogHa M3 OCHOBHBIX B TEOPUM MPOCTHIX
yuced. YTo oHa o3HauaeT? Ecim BaM JaHo 1esnoe 4uCiIo 1, TO OHO

au6o npocToe, 1160 He npocToe. Ham ciienyeT 06 bACHUTh, YTO MbI
1

logn
o6bAcHAeT 3T0. Eciu Bbl Bo3bMeTe 00liee KOIUYECTBO MPOCTHIX
yKcel MeHbIINUX, 00 paBHbIX &, 7(x), Torga 7 (x) Joj#Ha ObITh
MPUGIUHEHHO CYMMOI BepOATHOCTEMH

MpoCcTOe UYuCiIo, paBHA

. Faycc Hamnmucamg 3TO B TIUCbMe R acT-

1uMeeM B BHUIY, Korja roBOpuM O BEPOATHOCTU . Cam l'aycc

w(z) = Y o+ Ei(2),

logn
2<n<z

rae Fy(x) — HekoTopad omubKa, KOTOpad Mala Mo OTHOIIEHUIO
K BeJMYMHE CyMMbl. YeM MeHbllle BeJIMYMHa OIIUOKU, TeM Jydllle
annpoxkcuManuf m(x) 3Toit cymmoii. YTo6bl yuyecTh Bce AeTalH,
MbI JOJKHbI OLIEHUTb BEIUUMHY OMUOKU, UTOOLI cAelaTh ee Kak
MO?KHO MeHbIIIe [0 cpaBHEHUIO ¢ 7 (). MbI CKOPO MONYYMM TaKyIo
OlleHKY, HO cHayaja fi XoTeJ Obl NOKa3aTb, UTO IIPA UCHOJIb30-
BaHUM MaTeMaTUUYeCKOro aHaiu3a cyMMa MoieT ObITh 3amucaHa
apyrum ob6pasoMm. IlponycTuTte cienyiomiue paccy:aeHUd, €ciu
Bbl He 3HaeTe MaTeMaTHUUYeCKOro aHajlu3a.
BmecTo Toro, 4To6nl 3anuceiBaTh CyMMY

] , IonpITaeMcA
ogn

MCIMOJb30BaTh KaKkoe-HUOYIb Apyroe obo3HaueHue. Yemy npubau-
JKeHHO paBHa Takad cyMMma? Takad cyMMa JojxHa HAlOMHUTD
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BaM 0 UueM-TO, YTO Bbl y:e BHIedU: 06 uHTerpajie. Bam gonxen
ObITh 3HAKOM CJEeIYIOIUil PUCYHOK:

1
log x

y:

2 3 4 5 n xtl

|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
1

Bawm ny#HO oco3HaTh, UTO 3Ta cyMMa fABJIAeTCA PUMaHOBOMH
CyMMOH [Ji HHTerpaia, I03ToOMy cyMMa Npubin#eHHO paBHa WUH-

Terpainy QyHKIUU , 1 Mbl MO#€eM 3anucaThb

1
logn
M

W(x):/ L4t 4 By (),

logt
2

rae Fo(x) — npyroe BblpameHue 1A OMUOKU anlpoKCcUMalUu,
HO Fy(z) He ciumkoM otanvaeTca oT Fq(x). leficTBuTenbHoO, uc-
MoNb3yA MaTeMaTUUeCKHl aHalu3, BbI MOETE NOLYYHTh OLEHKY

€T

1 1
— < 2.
/ logtdt Z logn| ™

5 2<n<Lx

Taxkum o06pa3oM, Mbl MOKeM OIEHUTDb 7 (&), UCTOIb3yA UHTErpai
uiu cymMmy. B HeKoTopbIx ciiydaax ygob6Hee HCIOIb30BaTh HHTEr-
pall, IOTOMY 4YTO UHTErpupyf Mo 4yacTAM, MOy YUM

g £

1 . 1,2
/ logt dt = log + / (log t)? dt log 2’
2 >
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WTak, B npaBoii yacTu Bbl UHTErpupyeTe TO, YTO HAMHOTO MeHb-
1

e, eM -, a MEHHO, BLI MHTerpupyere
1 1
logt logt’
uto cTpemuTcA Kk 0 GpicTpee, yeM %gt npu t — 00. ITo 03HAYAET,

UTO HAallle BbIpameHnue HJIA 7T(ZE) MO#ieT ObITh 3alucaHo

w(x) = lozx + E3(x)

c omubkoii F3(x) Takoii, 4To

5 E3(x)
11m

— = 0.
z—oo x [log x

3HayurT, lx ABideTcA aNnlpoKcUMallieil NepBoro mnopAgka
og x
byuruuu w(x). Ho lw He Takad Yy Xopollafd annpoKcuMa-
og

oA 7T(£U), IIOCROJIbBRY BM€CTO BbIUMCJICHUA Bcei CYMMUEI BEI IIPOC-
TO B3AJIU 00lllee KOJUUYECTBO I[eJIbIX YHCET OT 2 a0 T, ROTOpoe,

B CYUIHOCTU, U €CTb &, U YMHOMUIU HAa HauOOJbIIYyID BEpPOAT-
1

log x
poiiio. Beiurciaenve cyMMbl BEpOATHOCTEN WM UHTErpajia J0Jd#HO
ObITH JIyullle, IOCKOJbKY MOJeNUB & Ha log x, Bbl yCpeIHUIU CAUIII-

KoM cuibHO. Ho BbIpameHue lx MMeeT OJHO IpPeuMyIlecTBO:
0g T

3TO NpUATHaA GopMyJiia B 3aMKHYTOM BHUJEe C MPOCThIMU PYHKIIU-
avu x u logx. ITa popmyna naeT rpyObIiii OTBET Ha Halll ePBbIii
Bonpoc. OTBeT ObIa JoKa3aH B KoHIle XIX cToneTus.

HOCTb, KOTOpPad paBHa

. Bul caeJsiajn To, 4YTO He TaK Y#H XO-

Teopema o mpoctTbix uuciaax (Amamap, ge aa Baa-
ae—Ilyccen, 1896).

LT
log x

() npu x — 0.

3Hak nogo6uA TUlbaa ~ 3eCh UMeeT TOUHbLIH cMbIcl. Ecau f
U g — (pyHKUUU BelleCTBEHHOTO IepEMEHHOT0 T, TO 3alicbiBaeM

f(x) ~ glx) mpm 2z — oo,



IIpocmule wucaa 15

uMed B BUIY, UYTO
lim f(x)/g() = 1.

T— 00

B sToM ciyuyae MbI roBopuM, uto f(x) acumnmomuyecku skeuea-
aenmua g(x) npu x — oo. Takum o6pazoM, m(x) aCUMITOTUUECKH

SKBHUBajeHTHA —%— .
log x

TeopemMa 0 MPOCTHIX YUCIAX AdeT MEPBYIO allpOKCHMAIHUIO
TOr0, CKOJIbKO BCero mpocthix uucel. JlokasaTelnbcTBO, Hamke ce-
rolHA, He Takoe npoctoe. Eciu Bbl U3yUYMIn KypC KOMIUIEKCHOTO
aHanu3a (BbIUETbI, UHTEIPUPOBAHUE 0 KOHTYPY), TOTa Bbl CMO-
MeTe MOHATH I0KA3aTeNbCTBO, U 3TO MOKET 3aHATh J[Ba 4yaca, 4To
He Tak Y 10xo. Boibinne TeopeMbl KOMIIEKCHOT0 aHanu3a (Teo-
pema Pumana 06 otobpameHun, K npumMepy) TpeGyIOT IPUMEpPHO
CTONBLKO #e BpeMeHM, 4ToObI 3amucaTh JoKasaTenbcTBo. Ha ce-
FOAHANIHUIN [eHb caMoe KOPOTKOE [OKa3aTelbCTBO, B CYIIHOCTH,
nokazareibcTBO Hoiomana [New 80] (cM. mocneiHIO0 riiaBy KHU-
ru [La 93]).

I'mnore3za Pumana

MpbI IpUILIK K OCHOBHOMY BONPOCY: KaKoBa OIIMOKA alIlpoK-
cumanuu? C TOYKU 3pEHUA BEPOATHOCTH, HPEANONOKHMM, 4UTO
y Bac ciyyaiiHoe pacnpepeienne. Korga Bol BoluncigeTe CyMMYy,
anmnpoKCUMUPYIONYIO 7 (),

S)= Y ——, me w(z)=S()+ Ei(z),

logn’

HJIKM UHTerpaJ

(x) = / lolgt dt + E(z) = Li(z) + E(z),

rae Li(x) — o6o3HaueHue 1A MHTerpana

T

Li() = / l(()jgtt

2
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u E(xr) — omubra annpoKkcHMMaluH, TO KaKkoBa JOJMHa ObITh
olleHKa 1A BeanuuHbl omubku |E(z)|? T'unoresa B BepoATHOCT-
HOIl MojJlenu: cyuiecTByeT KoHcTaHTa C Takas, 4To

E(x)| < C(a"/? loga)

IIpu BCeX JOCTATOYHO 0oabmux x. 1. K. OCHOBHOE cllaraeMoe paB-

HO T L _ y omubka orpaHnyeHa 1o abCcoMIOTHON BelMYMHe 3Hade-
og x

Huem C(x'/“logx), To omubKa A0CTAaTOUYHO Maja 10 CpPaBHEHUIO

1021:' [locTaTouHO NerKo yBUEeTh, UTO eciu KoHcTaHTa C cy-
lecTByeT, TOr'/la OHa Maia.

A 6narogapio Xyra MoHTromepu 3a To, 4TO OH yKa3al MHe,

YTO cylllecTByeT HECKOJbKO NyOJUKALM 110 TEOPUHU YHCel, TOCBA-

IIEHHbIX 3TOoi KoHcTaHTe. OH ocoGeHHO ccblnancd Ha [Scho 76], rae

ObLIO IOKa3aHo, UTO NMpU « > 2657 B NMpeNnooxeHun cyluiecTBo-

BaHUA BBIHIeyHOMHHyTOﬁ KoHcTaHThl C BBINOJHEHO HepaBeHCTBO

1/2

E(x)| = |r(2) - Li(z)| < 5"/ log.

3Hauenusa npu ¢ < 2657 MOryT ObITh JErKO BBHIUMCIEHBI U CBe-
MeHbl B TaOJIUILY, U Bbl JOMMKHBI ceaTh 3TO, YTOGbI MOYYBCTBO-
BaTh, HACKOJIbKO X0polila annpokcuManus 7 (x) uaterpaiom Li(x).
Ouenka |E(x)| < C(x'/? logx) — sTo 2unomesa Pumana, KoTopas
mo BceoOllleMy cornaiieHuIo ABIAETCA Beauuyaiileil u3 matema-
TUyecKkux runores. Takum o6pa3oM, 3ajiaya OllEHKHN KOJIMYECTBa
MPOCTHIX YKUCEN CBOAUTCA K TOMY, YTOObI IPUAATH TOUHBIH CMbICI
BEPOATHOCTHON MOJeNH, Kak MOMHO TOUHee OMUChIBafA OMUOKY
annpoKCUMAaINH.

B BepOATHOCTHBIX TePMHUHAX MOMHO CKa3aTh, YTO TMIOTE3a
Pumana yTBep#aaeT, U4TO MOCAEI0BATEIbHOCTh MPOCTHIX UHCEN
BelleT ce6f Kak ciyuaiiHasd MOC/Ief0BaTelbHOCTb B BEPOATHOCT-
HOU MOJeld, B KOTOPOH BEpOATHOCTb TOr0, YTO N — IIPOCTOE,
paBHa 1/logn.

Takme CymecTBYIOT Apyrue (eHOMEeHbI B TEOPUU YKCEl
(u B mpyrux o6aacTfx), KOTOpble MOT'YyT ObITb BbIpa:keHbl aHa-
NOrUYHBIM 00pa3oM. 3ajgaeM BEPOATHOCTHYIO MOJelb U 1O 3aKo-
HY GOJbIINX YKCel MOJdydaeM BeIMYUHY OMUOKY JJIA cClIydaiHo
mociegoBaTelbHocTH. Torjga Bo3MoM#HA TUIOTE3a, YTO B JaHHOM
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yacTHOM cllydae JaHHad MocjeJoBaTelbHOCTh, TaKaA, Kak HocJe-
IOBaTeJbHOCTb MPOCTHIX YHcel, BeJeT cebA Kak clyyJaiiHad nocJe-
noBaTelbHOCTH 3T0i Moznenu. (CMm. [LaT 76] nna npumepoB Takux
BEPOATHOCTHBIX MoOjlefiell B IPYTHX 00JacTAX TEOPUM YUCE.)

Mb1 chopmynupoBanu runoredy PumaHa, He 3Had HUYEro,
KpoMe ollpejieieHuA NpocToro uucia u logx.

Rommenmapuii us aydumopuu. O6b1yHO rumnotesa Pumana
dbopMynupyeTcAa no-Apyromy.

Ceporc JIene. Bol nipaBbl, HO 00bIYHaA GopMyJIUpOBKa TpebyeT
6oJjiee TAy6OKOro 3HaHUA MaTeMaTUKM [Jid MOHUMaHUA U Oollee
cJo#Ha, T. K. UCMOJb3yeT KOMIJIEKCHbIN aHanu3. T. K. Bbl ynoMs-
HYJIHU ee, A cllejlal0 HECKOJbKO KOMMeEHTapHueB 10 3TOMY IMOBOIY.
diinep BBea onpeeieHue (-QyHKIUU:

) =T10-75)

p

rje npousBegedue GepeTcaA Mo BCeM IMPOCTHIM UMCIaM U § — Be-
mecTBeHHoe, 6oabliee 1. PuMan nokasai, 4To cylniecTByeT aHajll-
THYecKkad GYyHKIUA KOMILIEKCHOrO IIepeMeHHOro, KOTopas IMpUHK-
MaeT 3HaueHUA Jijepa NpU BeleCTBEHHLIX S > 1 ¥ 0JHO3HAUHO
onpejeneHa 1o 3TuM 3HauenuaM. OpuruHanbuas runoresa Puma-
Ha yTBep:#iaaeT, uTo Bee Hyau ((s) mpu 0 < Re(s) < 1 nexar Ha
IPAMOIA %+z’t, T. e. Ha npAMoit Re(s) = % Ecau Bel chopMyaupy-
eTe runoresy PuMana 3TuM croco6om, To noTpedyeTca NpUMepPHO
nBa yaca (mociie M3y JyeHUA Kypca KOMIUIEKCHOTO aHalu3a), YTOObI
IOKa3aTh, YTO 3Ta (HOPMYJIMPOBKA YKBUBAJEHTHA TOMH, KOTOPYIO
MBI Jalid B TEPMUHAX OIEHKH A omubKY annpoxcuManuu F(x).

YnoMuHaHue 0 KOMILUIEKCHOM aHaju3e JaeT HaM BO3MOH-
HOCTL NPOKOMMEHTHPOBAThL NYTH MaTeMaTH4YecKoro Iporpecca.
Anamap paspaboran onpejeleHHble YacTU KOMILIEKCHOIO aHaju-
3a, JBUMMMBIM MMEHHO 3KeJaHHMeM J0Ka3aTb TeopeMy O Ipoc-
TBIX YMCJIaX, 3aKJI0YAIONYIOCHd B aCMMITOTHYECKOM OTHOIIE-
HUM 7(x) ~ loxw° Taxkum o6pasom, 3ajaya U3 YHCTON TeOpHUH
yyces NpuBea %; noJbeMy B JPYyTUX TEOPHUAX, KOTOPbIE UCIOJb-
3yI0TCH B GOJNLIIMHCTBE JPYTrUX pasfesoB MaTeMaTUKU, a TaKkke
B puU3NKe, MHKEHEPHOM Jelle U B JPyrUX HayKax.
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Yci0BUA HA IIPOCThIC UHCJA

Temepb MBI OCTaBUM 3ajady OLEHKH ONIMOKU ammpoKCHUMa-
MU ¥ 00CYJUM 3a4ady MojcyeTa MPOCTHIX YUCe] NPU HANOHEHUH
MOTOJIHUTENbHBIX ycioBuil. [laBaiiTe HAYHEM C HEKOTOPBIX IPUMe-
poB. B mociieoBaTeNbHOCTH MPOCTHIX YKCEN UMEIOTCA mapsl (3, 5),
(5,7), (11,13), (17,19), anga KOTOpPLIX

=342
7=05+42;
13 =11+ 2;
19 =17+ 2.

Ecnu umeerca napa (p, p + 2) Takasd, 4To p U p + 2 — NPOCThIE

yuciaa, 6yieM Ha3blBaTh 3TU [IPOCThIE YUCIa 080UHbLMU NPOCTIbLMU

ynciaamu (twin primes). Rakue us Hux caepyrort nocie (17,19)7
[Heckoavko cmydenmose npousnocam omeem:|

(29,31), (41, 43), (59,61), (71,73),

11 rakoB e Hall ciledyloumuii Bonpoc?

Bonpoc. BecroneuHo 11 MHOTO JBOMHBIX NMPOCTHIX YHCENT?!

Kro cramer «llar? [Heckoavko pyx nodnamo.]

Kro cramer «Het»? [Menvwe pyx nodnamo.]

[ Herxomopsle cmydenmul HavuHalom Jokasvleams c60U ymeep-
HeOeHUs.|

fl He cipammuBan Bac, Kak 3TO JOKa3aTh, A CIPOCHI, TyMaeTe
JIA BbI, YTO cylllecTByeT 0€CKOHEUYHO MHOI'0 JBOHHBIX IPOCTBIX
yucel WM HeT. ITO ApYyroil Bonpoc. B Hauane, Koraa peusb 1a o
caMUX INPOCTBIX YHcaax, f cIpaliuBal Bac, AyMaeTe IU Bbl, UTO
POCTHIX unceln OeckoHeyHo MHoro. Torma Bce BbI cuMTan, 4To
oTBeT «/Ja», HO Bbl He 3HaIU, Kak 3TO JoKa3aTb. IloaToMy 37ech
nBa Bomnpoca. OnuH u3 Hux: «CuuTaeTe JM Bbl, YTO TaKUX Map
POCTHIX uMce] GecKOHEUHO MHOro?», a Apyroit «MoxeTe nu BbI
3TO Ioka3aTh?» Ceiluac MbI OTBeYaeM Ha IepBblil Bonpoc. Kak BbI
cuyuTaeTe, JBOHHBIX IPOCTHIX yKces] GECKOHEYHO MHOTO WU HeT?
CuuTaeT AU KTO-HUGYAb, UYTO UX He OECKOHEYHO MHOIO, YTO UX
TOJIbKO KOHEYHOEe YUciIo?

[Aydumopusa xpanum moavanue.]
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YTo, cIuIIKOM onacHo BhicKa3biBaThcA? iu Bbl pa3mbliiife-
Te? Xoporo, A ckamy Bam oTBeT. [IpeanonoxuTeabHo oTBET «Aay,
HO JIOKa3aTeJbCTBO HelM3BeCcTHO. T'akoBO MoJoMeHre e Ha cero-
HA: HEN3BECTHO, JEeHCTBUTENbHO 1M O€CKOHEYHO MHOI'0 JBOMHBIX
MPOCThIX YHceld. JTO OfHA U3 3HAMEHUTBIX MaTeMaTHUUYeCKUX 3a-
na4d. Ecau BbI peniuTe ee, To nomnajeTe Ha CTPaHUIbl yUYeOHUKOB
UCTOPUMU.

laBaiiTe paccMoTpuM ellle OAHY 3agavyy. Bo3abMeM K npume-
py n? + 1 u cupocum, npocroe a1 370 unciao? K npumepy:

22 +1 =5 — npocToe;

4> 4+ 1 = 17 — npocToe;

6% + 1 = 37 — mpocToe;

82 + 1 = 65 — He mpocToe;
10?2 +1 = 101 — npocroe.

3Ja uckiaovyeHnneM yucia 65, Bce 3TU 4yncia npocThle. Tak Kakroii
Ke clIeqyIoUInii BOmpoc A 3agaM?

[ Hexomopuvie cmydenmot omeeyaiom. |

lla, ciepyromuii Bonmpoc TakoB: 6€CKOHEYHO JIM MHOTO Mpoc-
TBIX yuces Tuna n? + 17

Kto u3 Bac gymaer, uto ux 6eckoHeuHo MHoro? [Heckoabko
cmydenmos nooHumawm pyxu.|

Kto u3 Bac gymMaer, 4To ux KoHe4yHoe uucio? [Menvwe cmy-
denmos nodHumawm pyxu.]

Kto u3 Bac 6naropazymuo npomoauut? [Boavwurncmeso xpa-
HUmM MoavaHnue.)

fI cramy BaM OTBeT: IPEINOJNIOMKUTENLHO TaKk#e «aay, HO JI0-
Ka3aTelbCTBO HEU3BECTHO. JTO ellle OJIHA HepellleHHad 3ajaua.

Kakue apryMeHTHI MOKHO IIPUBECTH, YTOOBI MOKA3aThb MpaB-
nonogo6re MPeanoyioKeHuA 0 OECKOHEUYHO OOJbIIOM KOJINYECTBE
takux uyucen? fl nmpuBenly BaM aprymMeHTbI, KOTOpble He TOJb-
KO MO3BOJAT BaM MPEANOI0MUTh, YTO UX OECKOHEUHO MHOT0, HO
Y TIO3BOJIAT MPEANOJ0¥UTh, HACKOJAbKO MHOTO. [lJ1A 3TOro Mbl pas-
6epeM clieIyIolie BOMPOCHI:

Kak MHOTo ABOHHBIX MPOCTBIX YHceld p, p + 2 npu p < x7

Kak MHOro npocTeix uncen p tuna n? + 1 npu p < z7?
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3aiiMeMcA BOIIPOCOM O ABOMHBIX NPOCThIX unciaax. [Ipegnono-

UM, UTO BbI IPUHUMAETE, YTO BEPOATHOCTh TOT0, YTO YHUCJIO 71 —
1

logn
POATHOCTB TOTO, UTO N, N + 2 IBOIHbIE MPOCThIe Yucia?

[ Cmydenm npousnocum npasuavHblll omeem nocae HeKomopo-
20 Ko.e0aHUA.]

lla, BepoATHOCTD JE€HCTBUTENbHO AOJ#HA PABHATbCA MPOU3-
BEIEHUIO

IpocTOe, paBHA

. Mo:keTe 11 BbI MpeanojJosnUTh, KakoBa Be-

11
logn  log(n +2)

Ho Tak kak 3HauyeHue log(n + 2) oueHb 6AM3KO K 3Ha4YeHUIO logn
1

Y
(log n)*
1 MO3TOMY, €CJIH MbI GyjieM 0603Ha4aTh Yepe3 Ty, () KOTUYeCTBO
OBOMHBIX MPOCTBIX cpelu lelblx 4ducea 2, 3,4, 5, ..., x, Toraa,
MpPeanooKUTEeNbHO, MbI JOJ#HBI MOJYUUTh BbIpameHue

Inpu 0O0JbIINX n, Mbl MOeM BMeCTO ITOro J3aliucarTb

- T
Tiw () (log x)?

Ho korpaa A 3anuchiBalo BbIpaxieHue B IpaBoil yacTu, A NMpeanoa-
raip, 4TO BEPOATHOCTU He3aBUcHUMbIe. A oHU He3zaBucuMbie? OT-
BeT — HET. IloaToMy MbI O0oa#HBI BHHUMAaTejJbHee 3allChIBATh
dopmyny. IlIpaBuibHbIi OTBET clleAyIONIMii: KOJIMYECTBO ABOMHBIX
MPOCTBIX Ty () YAOBIETBOPAET aCUMITOTUYECKON Gopmyiie

€T

Tow(€) ~ Cpy—2—  nmm ayume ~ Chy / ;dt,
(log z)* /) (log?)®
rae Cy,, — TOJOMKUTEeNbHAA KOHCTAaHTa JIBOMHBIX MPOCTHIX YHCE.
JTa KOHCTaHTa OTpaxaeT BepOATHOCTHLIE 3aBUCUMOCTH. Tenepb
3ajlaya 3aKJII0YaeTCA B BbIYMCIEHUM 3TOH KoHcTaHThl. Ham Hy:-
Ha ABHaA ¢opMmyJa IJA KOHCTAHThI, KOTOpPaA JOCTAaTOYHO CJIOKHA
v noiydeHa MaTeMaTukamu Xapau u Juttasygom [Hal 23].

[ Umo6bt He npepvieams ocHosHOU nomok udell 6osee MmexHU-
YecKkum 60npocom, obcyxrcdenue amoil KoHcmanmol 6ydem npodo-
JHeHo nosce.)

Tenepb MbI IepeiieM K BONPOCY, KAKOBA acUMIITOTUYeCKad
OLlEHKa KOIMYecTBa (z) mpocThIX yucen p < x, TAKUX, YTO P
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MOeT GbITh 3anmucaHo B BHUje k% + 1 ¢ HEKOTOPBIM MOJNOHUTENb-
HbIM 1edbIM k7 Mcnonb3yA Te e caMble paccy:KIeHUA, MbI MOMEM
onucaTb BepOATHOCTb TOr0, YTO YHUCIO N, peJlcTaBifgeMoe B BU-
ne k% + 1, ABIAeTCA MPOCTHIM UUCIOM. JTa BEPOATHOCTD JOJ#HA
npubauKeHHO paBHATbLCA

11
logn /n’

3ameTuMm, 4To log \/x = % log 1 T03TOMY € TOYHOCTBIO [0 IOCTO-

AHHOT'O MHOKUTEINA, He UMeeT 3HaUeHNA, 3aNcbiBaeM Ju Mbl log n
uid log+/n. 3aTeM MbI MOMeM 3aMUucaTh CYMMY

T

1 1 / 1
. WY UHTEerpal — dt.
Z logn /n g / (logt)t!/?

2<n<z

WHTerpupys mo yacTAM M Npejnojaras, 4To J0J#eH ObITh HEKO-
TOPBIA MOCTOAHHBIA MHOMKUTEINb C’Q, yTOOBI yuecThb 6ojiee CKPbI-
Thle BePOATHOCTHbIE 3aBUCHMOCTHU, MbI MOJYyUYUM THUIOTE3Y, YTO

Jz

logz’

mo(z) ~ Cg

Xapnu—JluTTaABY/ Tak#e onpejielniu 3HayeHue KoHcTanThl Cg
(MPeAToNIoKUTETLHO).

BoabIiioe o6061ieHre: runoresa
BeitirtmaHa— XopHa

Teneps MbI 3aiiMemMca GoabIIUM 00001IeHUEM, KOTOPOE CHUC-
TeMaTuyeCKU INpelcKa3blBaeT acUMITOTUYECKOe NOBeJeHue Ipu
nojcyeTe MPOCTBIX UHMCE] B OUeHb 00l1eM cillyyae, BRIIOUYAIOIIEM
YacTHbIe cioyvau, ynoMAHyThle BeIme. Ilycts f(T) — noauHom
c neabiMu KoadunuentaMu. Hac untepecyer, ABNAIOTCA U 3HA-
yeHUA f(n) MPOCTHIMM 4YKcIaMU il GECKOHEUHO GOJBIIOro Ko-
Ju4yecTBa MOJNOMKUTENbHBIX LEJbIX 4Yuceld n. JaluiieM MOJUHOM
yepe3 ero KO3 pUIUEeHTHI.

f(]” ::ad1"1+-ad_11d_l-+...+—a0,
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npuyem ag, ... , @4 — lleJible Yucia, a a4 Ha3bIBaeTCA CTapIIuM
ko3 dunmrenTom. llensoe unciao d Ha3biBaeTCA cTeNeHbIO MOJMHO-
Ma, eciu aq 7 0. MbI npeanosaraemM, 4To BHIMOJHEHO Tak:ke d > 1,
Tak 4YTO MOJUHOM He ABjfAeTcA KoHcTaHTol. KakoBbl HeoOXoau-
Mble YCIOBUA TOI'0o, UTO cpeAu 3HauyeHuit f GeckoHeyHOe KOJU-
YecTBO MPOCThIX uucea? QOUeBUIHO, MbI JTOJHHBI MPEANONOMKUTD,
4TO:
1. f(T) venpuBogUM.

2. Crapminii Ko3pPULNEHT a4 MONOHUTETbHBIHA.

3. Kosdppunuentnt f(T') He UMEIOT 06IIET0 MPOCTOT'O0 MHOMKU-
TeJA.

JTOro JI0CTaTOYHO?

[Heromopvle cmydenmut ckasaau «da», Hekomopvle 064a20-
pasymuo npomoadaau. Odnaxcovt 6 yHusepcumeme Haaudopruu
6 beprau deoe npogeccopos us aydumopuu craszasu «day. 3amem
A yrasaa Ha cmydenma u cnpocua: «A wmo evt ckaxceme?» Cmy-
denm omeemu.: «Pasymeemcay.]

Ha camom gene orBeT «HET»! Rak o6Hapysua byHAaxkoBcKuii
emle B 1854, aTux ycioBuit HegocTaTouHo. K npumepy, y noinHomMma

f(T)=T>-T -3

Bce 3HauyeHUA JelATcA Ha 3, T.e. f(n) menuTcA Ha 3 1A Bcex
eJbIX 4yucea n. JileMeHTapHad TeopeMa TeOpUU uucel, — Ma-
nafa TeopeMa Pepma, — yTBep#IaeT, 4YTo, Jaxe B 6oiee obleM
ciydae, AJA J060ro NpocToro 4yucia p BEPHO COOTHOIIEHUE

n? =n mod p 1A Bcex HENbIX Nn.

Ipyrumu cioBamu n? —n AeluTcA Ha p NPU BceX LebIX 1, HO IpH
3TOM K03 punueHTs noauHoma 1° —T —3 unu T? —T —p B3aUMHO
mpocThIe. [ Ykasvieana Ha cmydenma, Komopwill ckazaa «Pasymeem-
cay]: Tak uyro He Bce Tak mpocrto, He Tak au! He penaiite ToO,
4YTO BbI cllejlaliu, CKa3aB «pa3dyMeeTcA», OCHOBbIBAaACh HA TOM, UTO
cKaszajl KTo-To Apyroii. Ucnoab3yiiTe Bamu co6cTBeHHbIE MO3TH.
Eciu Bbl He 3HaeTe WM XOTUTE MoAyMaTh O 3ajaue, TaKk U CKa-
skute. Bel Begb He OyaeTe genaTh Tak CHOBa?

Cmydenum: Het, He Oyny.

Cepic Jlenz: Xopomio. [laBaiiTe npogoi:xumM. ByHAKoBcKuUii 06-
Hapy#Kui, 4yTo Hy#HO nob6aBuTh. B 1854 r. oH cgenan ciegyioiee
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npeanonoxenre [Bou 1854]. llycth f — moauHOM c 1EIbIMU KO-
adduneHTaMu, cTelleHb MoJrMHOMA OoJblile J1u60 paBHa 1, U BbI-
MOJHEHBI clefylollie TPU yCIOBUA:

— cTapliuii K03 OULHUEHT MOJOHKUTENbHBIH;

— TI0JIMHOM HEeNpPUBOIUM;

— HHUKaKoe MPOCTOe YHUCIO He JIeJUT BceX 3HauyeHuit f(n),
Korjaa n npo6eraet M0 MHOKECTBY MOJOMUTENbHBIX 1EJbIX YHCE.

Torpa cymecTByeT 6€CKOHEYHO MHOIO LI€JIbIX YHUCET 7, Ta-
KUX, 4To f(n) — mpocToe. ATo HmpeanoioxeHue 66110 060611€HO
Ha cryvail HeckoabKuX nonuHoMoB [llunnenem [SchS 58]. Boxee
Toro, befitmMan u XopH NOJyuuiad KoJWuyeCcTBEeHHYIO dopMy OafA
3TOI F'MIIOTEe3bl, TOUHYIO GOPMYIUPOBKY KOTOPOW MbI cefiyac npu-
BEJIEM.

Ilycets f1, ..., fr — TOIUHOMBI OJHOIN MepeMEHHOM C Iebl-
MU K03 DULIMeHTaMU U MOJOMUTEIbHBIM CTapUIUM Ko3¢ GullveH-
toM. IlycTh dy, ..., d, ux crenenn. Illycts f — mpousBeneHue,

f = fi--- fr. llpegnonaraem, 4To:

— Kam /bl MOJIMHOM HENPUBOAUM HaJ I0JeM paluoHaIbHbIX
quceln;

— MOJMHOMBI INONApHO B3aMMHO HpPOCTHI, T.e. (fi, f;) =
npu i #

— HUKaKoe NMPOCTOe YHCIO He JenuT Bcex 3HaueHuit f(n),
KOraa n Mpo6eraet M0 MHOMECTBY MOJOMUTENbHBIX IIEIbIX YKCEl.

Bynem ucnonb3oBaTh BeKTOpHble 0003HaueHud, T.e. (f) =

(f1, -o s fr). llyeTb 74 (%) — KOAMYECTBO MONOKHUTEIbHBIX

LeIbIX yucel n < & Takux, 4to fi(n), ..., fr(n) — Bce npocTeie
yuciaa. (Mbl oT6pacsiBaeM KOHEYHOE YUCIO 3HAYEHUN N, 1A KOTO-
pbIX HeKoTopele f;(n) oTpunaTenbHbl). 3aMeThTe, yTo BeliTMaH
1 XOpH [al0T albTepPHATUBHBIH cnocob moacueta. B mpeabiaymux
npuMepax Mbl CUATANN KOJIMYECTBO NMPOCTHIX Yucel p < &, yAOB-
NEeTBOPAIOUINX Pa3HbIM YCJIOBUAM. 3eCh MbI CYMTaeM KOJIUYECT-
BO TOJOMUTEILHBIX HelbIX N < & Takux, 4To f;(n) — mpocToe
yucao gaAa Bcex ¢ = 1, ..., r. 'unoresa befirmana—XopHa co-
CTOUT B aCUMITOTHYECKOM COOTHOWIEHNH MIA 7 4 (x) [BaH 62],
a UMEHHO

W(f)(ZU)N(dl,...,d / logt t,

2
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rae C'(f) — GeckoHeuHoe Mpou3BeJeHNe MO BCEM MPOCTHIM YHC-

cw=TH{(1-3) (- %))

p

u N¢(p) — KomudecTBO HenbIx n, 1 < n < p, Takux, uto f(n) me-
nuTcA Ha p. Eciv BaM u3BecTeH A3bIK U NOHATUA TEOPUU CpaBHe-
HUIl, TO MBI MO€eM TaK:ke cKasaTh, 4T0 Ny(p) — 4Yucio pelreHui
10 MOAYJIO P CPaBHEHUA

f(n) =0 mod p.

[Ecniu Ny (p) = p npu HekoTopoM npoctoM uucie p, To C(f) =0
U
m(p)(x) < dy +...+d, 1npu Beex z.

laBaiiTe 6yJeM HCHIIOYaTh 3TOT TPUBHMAIbHBIN ciayudaii|. Beiit-
MaH U XOpH NMPUBOAAT 3KCIEPUMEHTalbHOe MOATBeP#IeHUE CBO-
eif TUI0Te3bl, BKJAIOUYAalolllee KOMIbIOTepHbIE pacueThl.

A cuuTalo BamHOIl 3agaueit mosydyeHue OIeHKH IJA OMIUO-
KU annpokcuMaluu 16 runoredbl befiTmMmana— XopHa aHaJIOrM4YHO
OlleHKe, MOoJIyUYeHHO# A runore3bl PuMaHa. dTo MOMeT NpUBec-
TH K rio6ajlbHOMY IlepecMOTpPY KOHTEKCTa AJA PpUMAaHOBBLIX fB-
HbIX opMyIl.

Bce paHee npuBeieHHbIe TPUMeEPBI ABIAIOTCA YaCTHBIMU CJIY-
yagMu runoresbl beifitmana— XopHa.

Honomum r = 1 u f(T) = T. Toraga runoresa coBnagaeT
c TeopeMoii 0 MPOCThIX UHUcIax.

Iycte 7 = 1 u f(T) = T? + 1. Torpa runoresa B nefcTBU-
TeJbHOCTH JaeT acCUMITOTHKH, o0CcyKJaBIIrecA AJA KoJudyecTBa
npocTbix uncea Buga n? + 1. Iockoabky Beiitman-—XopH mon-
CUMTHIBAIOT N < T, a He p < T, MOTpebdyeTcA HECKOJIbKO CTPOK,
yToOBI MMOKa3aTh, UYTO UX aCUMIITOTHKA COBIaJaeT ¢ OTBETOM, IO-
aydyeHHbIM Xapau—JIuTTaBynom. MeHA olHa#Abl 3aMHTepecoBa-
Ja cBA3b MeMJy NBYMA BapuaHTaMHu, U A MpPOBeJl BbIUMCIEHUHA,
KOTOpbIe 3aHAIN Y MeHAl OKOJIO OJHOUM cTpaHUIlbI.

Oycte r = 2 u nyetb f1(T) = T, fo(T) = T + 2. Tenepsb
13 runoTe3nl beiirmMana— XopHa nojiy4daeTcA rumoTesa o mojcyeTe
ABOMHBIX MPOCThIX 4yuced. Takie norpeboBanach NMPUMEPHO Of-
Ha cTpaHUIla BbhIUMCcIeHUi, YToObl MOKa3aTh, YTO B 3TOM clyyae
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KoHcTaHTa Xapau—JIuTTaAByJga Ta ke camas, UYTO M KOHCTaHTAa
beiitmana— XopHa.

Haxonel, Bo3Bpamasach K OJHOMY MOJIUHOMY, IyCThb a, b —
neabie yucaa, ¢ > 0 u a, b B3aumuo mpocthl. lycte f(T) =
= aTl + b. Torga runotre3a beiiTmMana—XopHa NPpUBOAUT K cle-
aywoimeMy dakTy: B apudMeTHUeCKOi MocleloBaTelbHOCTH Gec-
KOHEYHO MHOI'O MPOCTHIX YHCEJ, TaKk:Ke U3 I'MIOoTe3bl HaXOJUTCA
IVIOTHOCTb 3TUX MPOCTBIX UMCE, YTO B JeHCTBUTENbHOCTU ABJIA-
eTcA 3HaMeHUTO# TeopeMoii JIupuxie.

Boipasenue nia koHctauThl C(f) nepen norapudmuuecKkum
MHTerpajoM IpeacTaBideT co6oii mpuMep odeHb ob1iero geHomMe-
Ha, 4acTO BCTpevaloleroca B TeOPUU AUO(PAHTOBLIX YpPaBHEHMUIA.
IInoTHOCTL pelleHUil BbIpamiaeTcA 4depe3 IpPoOU3BeJeHHE p-ILIOT-
HOoCcTell [JJA KasJOoro IPOCTOro p U elle OJHOI'0 BelleCTBEH-

HOTO MHOKUTeNdA, KoTopblii B rumnote3de belirTmana—XopHa pa-
en — 1

(dy---d,)
onuchiBaeT NMOBeJeHNe 10 MOJYIIO p, T.€. OBeJleHUe M0 OTHOIIe-

HUIO K JeJMMOCTH Ha p U, B YAaCTHOCTH, TOT MHOMKUTEIb CO-
NEepKUT YUCIO pelleHuil cpaBHeHUuA no moxayiw p. B [Hal 23]
u [LaT 76] BbI HaiigeTe maibHeiiline NpuMepbl 3Toro GpeHoMeHa.

B MHo#uUTeNb, KOTOPBIH COMEPKUT MPOCTOE YUCIO P

IIpunoxienue

KOMMGHTapI/II/I O KOHCTaAHTAax

I'unote3a beiirmana—XopHa AaeT cucTeMaTUuyecKUii oTBeT
OJA KOHCTAHT, BO3HUKAIOIIUX Mepeld JorapudMUuyecKUM HHTeET-
paioM. B HeKOoTOpbIX YacTHBIX cilydaaXx Xapau—JIUTTABYI BbI-
yncaunu KoHcranty [Hal. 23], Ho ucmoab3oBanu anbTepHaTUB-
HbIil crmoco® moacyeTa, a MMEHHO MpPOCThble uucia p < & BMec-
To n < x. MBI cefivac BepHeMcA K oOCY:AeHHIO KOHCTAaHT Xap-
au—JluttaByna. OHu BoIpamaloTcAa Kak 6ecKoHeUYHbIe TPpoU3Beie-
HUA.

MbI HauHEM C KOHCTAHThI ABOHHBIX NpocThIX unced Cy,,. Uc-
TOPUA 3TOH KOHCTaHThI BecbMa HMHTepecHa. CuibBecTep B 1871
u bpyn B 1915 npepamnososxuiu HenpaBU/bHYIO KOHCTAHTY, IIO-
CKOJbKY He MPUHAIM BO BHUMaHHE HEKOTOpbIE CKPbIThiEe Be-
POATHOCTHBIE 3aBUCUMOCTHU MeKAYy MPOCThIMU uMciaMu. Xapau
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u Jlurtasyn B 1923 [Hal 23] ormetunu, uro CunwBectep u BpyH
MPeAIooKUIN HelPaBWIbHYIO (GOpPMYILy, U caMU MPeAIooKUuiIn
npaBuUiibHOe 3HaueHHe KOHCTaHThl (. «[IpaBuibHOEY B JaHHOM
clIydyae o3HayaeT B YaCTHOCTH, YTO Bbl MOMKETe IMOJYYUTHL Tab-
NWLBI 3HAYEHUH Ty, (x) ¥ 3Hauenuii Cyy, - x/(logx)? u cpaBHUTD,
1 MOJIyuynTe, UTO NMpaKTHYecKad NpOBepKa MOATBepH#JaeT IoIy-
yeHHbIe 3HaYeHuA. TakuM o6pas3oM, CIOBO «IIPABUJILHOCThY 3€Ch
YyacTUYHO HCIHOJb3yeTcA B ¢usuueckom cMbicie. Ho cymecTBy-
eT JPYTrofi KOMIOHEHT TMOHATUA «IPaBUIbHbINY (IIPU OTCYTCTBUU
caMoro J0Ka3aTelbCTBa), 8 UMEHHO TO, UTO MpeNolioMeHNe Ho-
XOOUT MOJ ompedeleHHble CUJIbHbIE CTPYKTYPHbIE pa3MblIILIeHUA
0 TOM, UTO CyIlleCTBYeT olpejeleHHas nocjegoBaTellbHafA CTPYK-
Typa, U3 KOTOpPOIi JlelaloTcA MPENOJoKeHNA, YTO CTPYKTypa ca-
Ma 1o cebe YacTHYHO TUMOTeTHUYecKad. Xapau U JIUTTABYHd Tak-
JKe onupaluch Ha 3Ty CTPYKTYypY. Pazymeercd, Takada cTpyKTypa
MOKeT OKaszaThCA He eIUMHCTBeHHOI. B mo6oM ciyuae 3HaueHUe,
noiaydyenHoe Xapau—JIUTTIByI0M paBHO

Crw = H ( _11) )

p—HeuerT.

IIpousBeneHre 6epeTcA MO BCEM IMPOCTHIM UHMcIaM, He PABHBIM 2,
T.€. II0 BCeM HeYeTHBbIM IpPOCThIM uHciaaM. Kak Bbl MoikeTe BU-
IeTh, 3Ta KOHCTAHTa HECKOJbKO OTJIHYaeTCA OT KOHCTAHThI beilT-
MaHa — XopHa. Pa3inuure Bo3HMKaeT M3-3a ajllbTePHATUBHOI'O CIIO-
coba nmogcuera. T. k. Xapau, JIurtaBya u beiitman, XopH ucnoib-
30Ba/li CUJILHO OTJAHWYAIOIIHecAd MOAXOAbl K 3TOW KOHCTAHTE, HO
MOJYYMJIN OJUH U TOT e OTBET, 3TO cUMTaeTCA MOATBEpPHKIAEeHU-
€M TOr0o, YTO OTBET, MoJyudeHHbI!l Xapau—JUTTAByAOM ABIAETCA
MPaBUJIbHBIM, NOCKOJIbKY OH CTPYKTYPHO MOAXOAUT K APYTHM HC-
cleJOBaHUAM.

Temnepb MbI IpUBeeM 3HaUeHHUe, MToJyYeHHOe Xapau —JIuTTa-
By IOM [l KoHcTaHTbl (g, BXOAAIIell B FTMIOTEeTUYEeCKYI0 acuMII-
TOTUUYECKYIO GOpPMYIIYy MJIA KOJIMYEecTBa MPOCTHIX YKCE]T MeHbIIe
160 paBHBIX Z, NpeAcTaBleHHbIX B BUje p = n? + 1. M'unoreru-
yecKoe 3HaueHUe paBHO

Co= ]I (1 —X(p)ﬁ),
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rae x(p) = 1, ecniu —1 ABAAeTCA KBagpaTOM MO MOJYIIO P, T.e.
ecin n? + 1 = 0 mod p umeer pemenue, u x(p) = —1, eciu —1 He
ABNAETCA KBaipaToM o Moayino p [cM. Takxe [LaT 76|, yactb 11,
oco6eHHO cTp. 81, npuMep 1, rie sTa KOHCTaHTa BBIBOJUTCA U3
COBEpIIIEHHO APYToii BEPOATHON MOJENN. |

[Cmydenm cnpawueaem, kak 6o3HuKawmM makue 2unome-
3ol-opmyast u Kak deaaromcsa npeononoxenus.)

lla, naBaiiTe 3aliMeMcsA 3TUM BonpocoM. Bo-nepBbix, cyiiecT-
ByeT HeoObACHUMbIA KOMIIOHEHT, a UMEeHHO MO3Ir MaTeMaTuKa,
KOTOPbINA 3HAeT, KaKk IIOCMOTPEeThb U I'Jle IOCMOTPeThb, U OH CUJIEH
B npeamnosoxeHuax. Hanuurve Takoro tajanta — OAUH U3 (aKTO-
POB, OTIMYAIOI[UX MaTeMaTUuKa-UCcleoBaTeNlA OT APYTUX JTIOJEN.
3aTeM TAxenada paboTa Mo NpoBepKe MPeAnoNoMeHnil, UX CTPYK-
TYPUPOBAHUIO U 10 HAllMCAHUIO MCCJeN0BaTEeNbCKON CTaThU.

laBaiiTe paccMOTpUM BONpPOC, KAK MOM#HO NMPUNATHU K UJee,
YTO CcyllleCTByeT 6€CKOHeYHO MHOT'0 ABOMHBIX MPOCTHIX YKCEN UIU
npocThIX uucen B Buje k? + 1. Cuutaere 11 BbI, YTO MBI [OSYy YU~
au HeuTo Bpojae orBeTa’ la? Hu To Hu ce? Ilo KpaiiHeit Mepe 3TO
YTO-TO, 3TOT OTBET HE TOJbKO JaeT BaM 3HaHUE, UTO UX OecKo-
HEUYHO MHOT'0, HO U KOJMUYECTBEHHYIO Mepy — HacKOJbKO MHOTO.
KTo-Huby b MOeT monpo6oBaTh yAYUIIUTh BEPOATHOCTHYIO MO-
aeib TaK, YTOObI Bbl TaK#e MOJYy4YUJIU 3HAaYEeHUe IJiAd KOHCTaHTHI,
yT0ObI yBUAETh O0Jlee TOUYHO, KAK MHOI'O UX HOJ#HO OBITh.

He Tak y: Jerko mpoiiTu mo BceMy MyTH, KaK Bbl MOe-
Te YBUAEeTh M3 (paKkTa, YTO NepBOKJAcCCHble MaTeMaTUKHU, TaKue
Kak CuiabBecTep U BpyH He cMOTrJY MOAYYUTh IpaBUIbHBIX OTBe-
TOB Npu NepBoii nonbiTKe. [loaTomy pabora Xapau —JlutTaByga —
o4YeHb Xopolasa paboTa.

1 noramy BaM celiuac oJMH U3 MOAXOJ0B, KOTOPbIHi B KOHIIE
KOHIIOB IIpUBeJeT K KoHcTaHTaM. PaccysaeHuA o Heo6X0JMMOCTHU
ABJAIOTCA 3HAYUTEeIbHO 6oiiee ciloHbIMU. MBI 6yaeM pa3bupaTh-
CA JIMIIb ¢ 0ObIYHBIM CJIy4YyaeM TeopeMbl O MPOCThIX Yuciax.

Bosbmem Bce umcna 1, 2, 3,4,5,6,...,x. Kak mMHoro ux

HuX gaenautcd Ha 27 [IpumepHo % RoanyecTBO LedbIX YKced, MEHb-

MUX T, He JeldAMUXCA Ha 2 nNpubIu3UTelbHO PaBHO (1 — %)x,

U MHOMKHUTEIIb IIepeld & paBeH (]. — %) . KonrnuecTBoO OeJIbIX 4YHrced,
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()

KoanuecTBO oeJbIX 4Yuceijl, He NEJAIIUMXCHA Ha 5!

(-1

[losToMy, 4YTOGBI MOSYYUThH KOMUYECTBO 7(x) MPOCTHIX YUCEN
MeHbIIIE X, Mbl XOTUM 3HaTh, CKOJbLKO ILEJbIX 4Yuce]l He NeIUT-
cA Ha 2, He JeJquTcA Ha 3, He JeauTcd Ha 9 U T.A. Kak MHoOro BbI
noayuute? OTBeT rpy6o paBeH

He Ieldlmuxca Ha 3

G(z) -z, raeG(x) =[] (1 - zlj)

P

JTO nepBoe HpI/IGHI/IH{eHI/Ie K oIIpeaelIeHnuIo HpaBI/IJIbHOﬁ KOHCTaH-
ThbI OJA 7'('(.17), RoJM4YecTBa IIPOCTHIX 4YHCEJ MEHbIIUX &I, 3a UCRKJIIO-
4YyeHuemM Toro, 4To MhbI IIpedJIroJdosxnian, 4To yCJIOBHUA HeaeJNMOCTH
He3aBHMCHUMbI, 4 OHU HE He3aBUCHUMUBLI. HOBTOMY MBI OOJHHBI B3ATH

[1(:-)-co

P

M YMHOMUTh Ha HEKOTOPYIO KOHCTAHTY U3-3a CJIOMHBIX yCIOBUA
3aBucuMocTU. KoHcTaHTa B 3TOM cilyuyae paBHa e”, rjie y — KOH-
cTaHTa, Ha3bIBaeMaf KoHcTaHToil Jiinepa. Ilo Teopeme MepTeHca
BBITIOJIHEHO aCUMIITOTUYECKO€E COOTHOIIEHNE

1
G (@) ~ logx’

1, TAKUM o0pa3om,

Bbl MoskeTe HailiTu o6cyaeHHe TOro, ImoyemMy BO3HHKaeT e~
B craThe Xapau—JutTiaByga, u Takxe B pabore Xapau u Paii-
ta [HaW 80], ra. 22, 22.20.

Tar 4To BbI BUANTE, YTO MPOCTOE 00CYy:kAeHNe 0ObIYHOI Te-
OpeMbI O MPOCTBIX UMCIAX CTAHOBUTCA Bce Oojiee TeXHUUYECKUM
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n cilIo:xHBIM. W ele ciloxiHee TOUHbIe BEPOATHOCTHRIE paccy:k/je-
HuA Xapau—JuTTABYyAa IJA ABOHHBIX IPOCTBIX YMCEN, AJA Mpoc-
ThIX uucel Buga n® + 1 u B JPYrux ciydadax. A Telepb, eCli Bbl
J0 CHX IIOp 3aMHTepecoBaHbl, uANUTe U unTaiiTe beiitmana— XopHa
u Xapau—JutTasyna.

HexoTopsblie rpabuku

A o6narogapen CtuBy Muiiepy 3a MnocTpoeHne HEKOTO-
pbIX rpadrKoB, WIIOCTPUPYIOMIUX BKCIepUMeHTalbHOe MoBefe-
Hue (-GYHKIUM U OPYTUX TpexX GyHKIUH loxa:’ m(x) u Li(x)
B OompejeJeHHbIX 00JacTAX. &

I

|

20 a0 [ [

Tpadus g(% + z't), —50 < ¢ < 50

IlepBblit rpaduk — rpadur GyHRIUYN & (%+z’t), KOTOpas oKa-
3bIBaeTCA JefcTBUTENbHON QYyHKIUel nepeMeHHON { U3-3a PyHK-

OHUOHAJbHOI'O YpaBHEHUA.

Craenyroiue Tpu rpadpuka cpaBHUBAIOT PyHKIUU ﬁ, m(x)
xr

v Li(x) Ha Tpex pasnuYHBIX UHTepBaiax NepeMeHHOH &, a UMeH-
Ho or 0 mo 100, 1000 u 10000 cooTBeTcTBeHHO. 3aMeThTe,
YTO MPU MPOJOJKEHNUN CTAHOBUTCA OUYEBUAHBLIM U3 dKCIEPUMEH-
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I'paduru Li(z) (BepxHuuit), w(x) (cpennuit), x/logx (HumHmil)

Ta, 4To Li(xr) gaeT nyumyio anmpokcuManuio ¢yHKIuu w(x),

ueMm L | Takske oueBHIHO, uTO Li(x) nemut uan m(x). o ka-
og x

KUX MpejiesioB, Kak Bbl AyMaeTe, OyJeT NMpoaoKaTbCA TaKkoe cTa-
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ThcTHYeckoe moBegeHue? CXoduTe U CIPOCHTE KaAKOro-HUGYIb
crenuUanricTa 1Mo Teopuu uucen. Maum mocMmoTpute KHury HHra-
ma [Ing 32], ra. 5, Teopema 35.
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I'mnoTte3a abce

llaBaiiTe HauHeM c TeopeMbl O MojJuHOMax. Bbl, BepoATHO,
cyuTaeTe, YTO BaM HM3BECTHO BCE O MOJMHOMAax. BOJbIIMHCTBO
MaTeMaTUKOB Aymanu Obl Tak ke, BRIOUad MeHA. K BceoOiie-
My yauBienuto P. Meficon B 1983 rogy o6Hapy#ul HOBbIH OUeHb
MHTepecHbIH ¢arT o noruHomax [Ma 83]. Uto eme Gonee npume-
yaTellbHO, 3TOT GaKT B AeHCTBUTENLHOCTHU y#e ObLI oOHapy#HeH
npyrumMm MmateMaTukoM B.Ctotepcom [St 81|, HO MaTeMaTHKU He
o6paTuid BHUMaHue Ha 3T0, U A y3HalI o ctaTbe CToTepca JMUIIb
HaMHOI'o mno3:e oT Y.3aHupa [Za 95|, KOTOpBIH Tak:Ke MepeoT-
KpbII HeKoTopble U3 pesyibTaToB CToTepca. Tak uTo ucTopud
MaTeMaTUKU He Bcerja TeueT IJajKo.

B no60oM ciydae, XO0TA UCTOPUA MaTeMaTHUKU BecbMa MOy Y-
TeJbHa, JaBaiiTe OTIOMUM HMCTOPHIO IJIA TOTo, YTOOBI chHOpMYy-
nupoBaTh U JoKazaTh TeopeMy Meiicona—CToTepca. 3aTeM MbI
o6cyIMM, Kak Apyrue MaTeMaTUKHU Npeobpa3oBaliu 3Ty TeopeMy
B runoTe3y o6 OOBIUHBIX I[eJbIX yuciax. Mbl paccMaTpuBaeM Io-
JUHOMBI C KOMIUIEKCHBIMU Ko3(dunueHtamu. MHOMKECTBO Bcex
TaKUX MOJIMHOMOB OT TepeMeHHol ¢ Gynem o6o3nauatrs C[t]. 3a-
nuiieM HeHyneBoit anemeHnT C[t] B Bume

r

ft) = e J](t = ai)™,

i=1
ruie ai, Q, ..., @, — pasiuuHble KOPHU, f U ¢; — KOHCTAHTA,
¢y # 0. Heawte yucna m; (i = 1,...,r) — KpaTHOCTU KOpHei

W cTeleHb MojuHoMa f paBHa
deg f =mi+...+m,.

KonnyecTBO pasnuuubix KopHed f Gyner obozHauaThed ng(f), mo-
3TOMY IO onpeneneHuto ng(f) = r.

OueBUIHO, YTO cTeleHb f MoOeT ObITh OYeHb GOJNbIIOI,
a ng(f) MomeT 6bITh ManeHbKoii. Hanpumep, f(t) = (t—a)1%%% —

2 C.Jlenr
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crenenu 1000, a ng(f) = 1. Ecau f, g — nBa HeHyneBbIX MOIUHO-
Ma, Torja B o0IieM cliyJae

no(fg) < no(f) + nol(g).

Ecau gononHuTenbHO nMoTpe6oBaTh, UYTo f, g — B3aMMHO IIPOCTHI,
TOrJa MbI JeficTBUTEIbHO MOJYUYUM PaBEeHCTBO

no(fg) = no(f) + no(g).
Chopmyaupyem Tteopemy Meitcona— CToTepca:

Teopema. Illycms f, g, h € C[t] He pasHble KoHcmanme 63a-

UMHO npocmble NOAUHOMYL, Ydosaemeopawujue pasencmsy f + g =
= h. Toz20a

max(deg f, degg, degh) < no(fgh) — 1.

Teopema neMoHCTPUPYET B TOYHOCTHU, KAKUM 00pa3oM OTHO-
meHune f + g = h HakJIagbIBaeT OorpaHMYeHHEe Ha CTENeH! TOJINHO-
MoB f, g, h, a UMeHHO, OHU He NMPEeBOCXOAAT KOJUUYEeCTBa pas3inu-
HBIX KOpHeill monuHoma fgh, name c modbapienueM —1.

Ilepen Tem, Kak MbI IpUBeleM JOoKa3aTelbcTBO MelicoHa, Mbl
YIOMAHEM HEKOTOpble NPUJIOHKEHUA, KOTOPbIE NIOKAMY T, HACKOJIb-
KO cUJIbHA 3Ta TeopeMa. Bbl Bce 3HaeTe nocieHIo TeopeMy Dep-
Ma, KoTopad Gblna nokasaHa Baiincom [Wi 95| necatuneruem nos-
Ke:

Teopema. I[Iycmv n — ueaoe ducao > 3. He cyuwecmsyem

peweHull ypasHeHus n

6 HeHly.aeeblr ueavlr 1ucaar r, Yy, z.
Ananorunuuasn TeopemMa OJjafd IMOJMHOMOB Oblila U3BecTHA clie
B IIpollJIOM CTOJIETUHN U ObLi1a JOKa3daHa MeTogaMu aJIFeﬁpaI/IlIeC—

Koit reomerpuu. Ceiiuac MbI MOJy4YdM HaMHOro 06oJjiee MpocToe
IoKazaTelbCTBO, UCNOAbL3yA TeopeMy Meiicona— CToTepca.

Teopema. I[Iycmv n — ueanoe ducao > 3. He cywecmsyem
peuleHull ypasHeHus

z(t)" +y@)" = 2(8)"

C Hé PABHbIMU KOHCIMAHMeE 63aUMHO npocmbvlmMu noaunomManu r, y,

z € C[t].
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HNOKA3ATEJILCTBO.
IMycts f(t) = z(t)™, g(t) = y(t)™ u h(t) = z(t)". Torma no
TeopeMe Meiicona— CToTepca noiayudaem

degz(t)"™ < no(x(t)"y(t)"2()") — 1.

Onnaro degz(t)™ = n-degx(t) ung(x(t)™) = no(x(t)) < degx(t).
CrnemoBaTelbHO,

n-degx(t) < dega(t) + degy(t) + degz(t) — 1.

Tem ke cmoco6oM MbI TOJIydYaeM aHalOTUYHbIe HepaBEHCTBa
nna y(t) u z(t):

n-degy(t) < degz(t) + degy(t) + degz(t) — 1,
n-degz(t) < dega(t) + degy(t) + degz(t) — 1.

CrjagbiBag TPU HEPaBEHCTBA, IOJLYYaeM
n(degxz(t)+ degy(t)+ deg z(t))<3(deg x(t)+ deg y(t)+ deg z(t))—3.

Takum o6pasomM,
(n — 3)(deg z(t) + degy(t) + deg z(t)) < —3.

IIpu n > 3 3TOoro oyeBUOHO He MOeT ObITb, MIOTOMY 4YTO JeBaf
yacTb Goablie au6o paBHa (), a npaBad yacTb oTpuliaTeibHa. UTak,
MbI JOKa3aliu nociefHiomw Teopemy Pepma 1A MOJIMHOMOB. [

llokazaTenbcTBO mocienHeil TeopeMbl Pepma AJA IOJMHO-
MOB HaMHOro TpyJHee 0e3 uCIOJAb30BaHUA TeopeMbl Meilico-
Ha—CroTepca. He AcHO, cKOAbKO BpeMeHU 3aiiMeT y Bac WIH
y cillyyailHO BbIOpaHHOTO MaTeMaTHKa J0Ka3aTelbCTBO TEOPEMbI
KakuM-HuOy b crnocobom. IlonpobyiiTe 3TO ¢ BaliuMU APY3bAMHU
U MOCMOTPUTE, CKOJbKO BpeMeHHM UM noTpebyercA. IlpuBenen-
HOe BbIllle JA0Ka3aTelbCTBO C MCINOJb30BaHUEeM TeopeMbl Meifico-
Ha—CToTepca fABAAeTcA MPOCTHIM M 3jeraHTHbIM. Ilo3/nHee MbI
npuBeJeM pa3iluHble 0600ieHUA. YBUIEB CUIY 3TOH TEOpEMHBI,
Tellepb JaBaiiTe JOKaMeM ee.

HOKA3BATEILCTBO TEOPEMBI MENCOHA - CTOTEPCA. B yT-
Bep#IeHUU TeopeMbl B JIeBOl YacTHU HepaBeHCTBA UCIOJb3yeTcHd
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CTeleHb, a B IPaBoOil YacTH 4YHUCIO Ng, KOTopoe 0003HavYaeT KOJU-
YeCTBO pa3jMYHbIX KOpHel nonuHoMa. [loaTomy Ham Heob6XoqUMO
Hay4YUTbCA MOHUMAaThb U yNPaBiATh KPATHOCTAMU KopHeil. UToObI
caeiaThb 3TO, MbI pa3jieluM ypaBHeHud f+ g = h Ha h u nmonyuum

J .8
4+ 2 =1.
h h
Ob6o3HauuMm R = % uns = % Torga R+ S = 1. Tenepb BbI H0OJH-

HbI IOUYBCTBOBAaTh HENMPEO0JIMMOe }ejaHue cielaTh 4YTO-HUOY Ib
c 3TUM ypaBHeHHeM. UTo BbI genaeTe ¢ GyHKnuAMU? Bl BbIumc-
JfdeTe WX NMpous3BoAHble. Takum oOGpa3oM, MbI MoJydyaeM HOBOE
ypaBuenne R’ + S’ = 0, KoTopoe MbI epenuiineM B BHJe

Rp, Sq_
LR+ TS =0. (1)

PaccMoTpuM yacTHoe g, Hcnonb3yA Haiiu 0603HauUeHUA U ypaB-

f

HeHue (1), MbI OXYYUM

_ RYR
C o 5s”

§ (2)

HpI/I 9TOM MbI BbIpasu/u KaK 4YacCTHoOe€e JIOFapI/Iq)MI/IquI{I/IX

&y

IIPON3BOJHLIX. HeﬁCTBHTeHbHO, B MaTeMaTn4eCROM aHalinide, ec-
!

au F' — ¢yHrnuda, toraa - HasblBaeTcd ee norapudmuUecKoit

npou3BojHoN. Mcnonb3yd 3Ty JorapupMuyecKyio NpOU3BOIHYIO,
Mbl CMO€M YIpaBIATb KpaTHOCTAMU KopHeil. Ham Hy#HO uc-
MoJb30BaTh CBOICTBO JorapudmMuyecKkoil Tpou3BOAHOI, a UMEHHO
TO, UTO OHA NMepPeBOJUT NMPOu3BeJeHUA B cyMMbI. [Ipyrumu cioBa-
MU 1Jd AByX ¢yHruuit F, G umeem

(FG) .G

FG F G
JTO HeMeJIeHHO cleyeT U3 MnpaBuia quddepeHIMpoBaHUA MPO-
u3BeJleHUA. 3aTeM [Jid YacTHBIX MOJy4YuM

(F/G) _F g

FiG _F G
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Takum o6pasom, JorapudmMuudeckas NMpPOU3BOoJHafA mnpeobpa3yer
yacTHbIe B Pa3HOCTU. 3aTeM 10 UHAYKIIMU MbI MOJLydaeM Moa00-
Hble OTHOILIEHUA A CyMM WM YaCTHbIX HECKOJIbKUX COMHOMU-

teneii. R npumepy, ecau fi, ..., f, — MOIUHOMBI, TOrJa
Groeh) _h T
Ji-o I J1 In

HpI/IMeHHeM ITO MpaBUJIO K pal3jJOMEeHNAM Ha MHOMHUTEJIHN HAIINX
NCXOAHBIX ITOJJMHOMOB f, g, h MbI 3HaeM MJAd HHUX diledylolne
pas3josKeHnAda Ha MHOMUTEIHN
S m;
1) = ea T ¢ = i)™,

o o

g(t) =c2 || (€= Bj)™,

b A

h(t) =cs || (¢ - i)t

b A

3dameTuM, 4TO JorapudmMuyeckasa Npou3BOAHAA KOHCTAHThI paB-
Ha 0. [na nonuHoma (f — «) norapudmuyeckad NPOU3BOAHAA

1
(t —a)
ueie f(t), g(t), h(t), monyuaem

f_ mi g _ " W o_ L
f_z(t_ai), g_z(t—ﬂj)’ h_z(t—%).

[IpumMeHsAs npaBuia Qid JorapudMuyYecKUX OPOU3BOJHBIX K R =
= f/hu S = g/h, nonyuaem us (2):

paBHa . lloaToMy BbIuMCIAA JorapudmMruueckue Mpou3BoO/-

o m; L
g 7 h B Zt—ai_zt—’yk (3)
f_ g’_h_’_ Z n; _Z Ix .

g h t— B t— Yk

HpI/IBe,HeM BbIpaKeHne R 06H1€My 3JHaMeHaTe/Illo, 4JA 9TOoI'o 0060-
3HaA4YuUM

D(t) = [ [t —ai) [T (¢ = 85) [Tt —m0).

OueBupHo, yto deg D(t) = no(fgh). lloaTomy

D(t) D(t) D(t) )

m) =no(fgh)—1= deg(—) - deg((t )

dee 5
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YMHOMUM 4YHCIUTEIb U 3HaMeHaTelb BbipameHusa (3) Ha D(t),
mocjie 4ero Moy 4um

S - T . D
Zm—zt_

noauHoM ctenenu < no(fgh) — 1

~|0q

noiauHoM ctenenu < no(fgh) — 1

g
f

u < no(fgh) — 1. llockonbRry f, g — B3aUMHO MPOCTHIE, U3 ITOTO
cliefiyeT uTo cTeneHu g u f He mpeBocxodAaT ng(fgh) — 1. U Ha-
KoHell, T.K. h = f 4+ g, MbI IpUXOAUM K 3aKkjJO4YeHUl0, uTO degh
He peBOCXoauT ng(fgh)—1. ITuM 3aBepiiaeTcA N10Ka3aTeIbCTBO
TeopeMbl Meficona— CTtoTepca.

[IpumeuaTelbHO, YTO TAKOM MPOCTOI, HO CUIbHBIN pe3yabTaT
0 MmoJinHOMax ObL1 OTKPBIT JMUlllb B Havale 80-X, B KOHIle ABafla-
TOr'0 BeKa.

Tenepb MbI cob6upaeMcA MpeodOpa3oBaTh TEOPEMY B YTBeEpiK-
IeHue o IebIX unciaax. Bam, Bo3aMokHO, yi#e U3BECTHO, YTO CY-
IeCTBYeT IIyOOKad aHANOTUA Memay IeJbIMU YHhcjIaMHu U I0-
nuHoMaMu. K mpumepy, o6e crcTeMbl YAOBJIETBOPAIOT alrOPUT-
My EBKanaa, noaToMy B 06eMX cHCTeMax CyIlecTBYeT OJHO3Hau-
HOe pasJiokeHNe Ha HelpUBOJUMbIe WU MPOCThIe 3jeMeHThbl. MbI
WIeM YHCJI0, CBA3AaHHOE C IeJIbIM YHCIOM TAKHM CII0COO0M, UTO-
6bI OHO OBLIO aHAJIOTMYHO UHCIY 79 MoJIHMHOMAa. MBI TaKe UIeM
YyucJ0, aHAJOTMYHOe cTeleHu moauHoMa. [Ipu yMHoskeHUU cTene-
HU CRJIAABIBAIOTCA, T. €. CTeNleHb IIPON3BeJeHNA MMOINHOMOB paBHa
CyMMe cTeleHell WHANBUIYalbHBIX COMHOMUTeNel. ONbIT MoKa-
3bIBAE€T, YTO aHAJIOTOM CTelleH! ABJAeTcA Jorapudm abCcolrOTHOTO
3HAYeHUA Ieynoro yucia. IloaTomMy mjiA mpocToro yuMcia p aHajio-
rOM CTelleHd HeNMpPHBOJUMOI0 MOJUHOMAa ABIAETCA OOBIYHBIN JIO-
rapudm logp. InA AByX MOJOMKUTEIbHBIX LEJbIX UKMCET M, N MbI
norydaeM log(mn) = logm + logn. Ecin m = [[ p;** — pasno-
JKeHUe Yucia m Ha NpoCcThie MHOMUTENU, TOTAa

Tarum ob6pasom, S paBHO YAaCTHOMY [IBY X NMOJUHOMOB, UbU CTele-

logm = Z m; log p;.
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Tenepb MbI XOTHM IIOJYUYHUTDb aHajor 4ucjia 1. I[JIH IIOJIMHOMAa

F#&) =] - an™

JaBaiiTe omnpeaeauM

No(f) = [Tt - ),

TO €CTh MbI 3aMEHUM KPaTHOCTH m; Ha 1 B pasioseHud MHOIO-
unena f(t). Torpa mo onpepeneHuio

no(t) paBHa ctenenu No(f(t)).

Tar KaKoBoO ke IIpaBUJbHOE OlipeaejieHrue IJIA ng(m) JJIA II0JI0-
SMUTEIBHOI'O IeJIoro yucija m? HpeHHOJIO}‘RI/IM, yTo

m=pi"t-epyT (4)

pasiomeHue uucia m Ha npocThie. YeMy ke paBHO ng(m)?

Cmyodenm. fl nymaio ng(m) D0MHHO OBITH KOJUYECTBOM pas-
JTUYHBIX MPOCTHIX MHOMUTENEH, M03TOMY ng(m) = r.

Cepotc Jlenz. ITo HemI0X0it OTBET, HO U He JOCTATOUHO XOPO-
muii. Korga mbl paboTaeM ¢ KOMIIEKCHBIMHU IMOJMHOMAaMHU, TOT-
na oHu o6JajaloT OJHO3HAUYHLIM pasjioeHHeM Ha MpPOCThble, T.E.
Ha HeMpPUBOJMMbIe MOJUHOMbBI, KOTOpble UMeIOT cTeneHb 1. Ecau
BbI paboTaeTe C MOJMHOMaAMU C APYTUMH TUNaAMU Ko3dduUIllieH-
TOB, K IpPUMeEpPY, C NMOJMHOMaMHM C paldoOHaJbHBIMU K03¢PUIIU-
eHTaMU, TOTrJa HEeNpUBOAUMBIN MOJUHOM He 06A3aTelbHO MMeeT
crenedb 1. HeuTo aHamornuydoe npoucxXoguT ¢ MPOCTHIMU YHCIa-
MH. TO O3HayaeT, YTO HaM HeoOXOAMMO MPUNKUCATL BeC IMPOCTO-
MY 4Mcay, U 3TOT Bec paBeH log p. [loaTomy aia nonaoxuTenbHoro
[[eJIOT0 YKCia 1 ¢ pasjomeHueM Ha IPoCcThbie MHOMUTENN (4), MbI
onpeaenum
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3aTeM MbI OolipegelInmM

No(m) =[] r = Hpi-

plm

Taxkum o6pasom, Ny(m) ecTh npousBejeHNe IPOCTHIX YKcend, 1e-
NAMUX M, HO B3ATHIX ¢ KpaTHocThio 1. Bynem HasbiBaThb No(m)
paduraiom Jucia m.

Tenepb, Korga y Hac ecTb onpenenenue ng(m) u No(m), Ka-
KuM Oy et aHagor Teopembl Meiicona— Crorepca? Jlerko nepesec-
TH TUIOTE3Y:

I'mnotesa. I[lycmv a, b, c — HeHy.1e8ble, 63aAUMHO NpOCTIbLE
ueavle yucaa, makxue, ¥mo a + b = c.

Tenepb HaM HYHHO HepaBeHCTBO BHIa
max(Jal, [b], |e]) <?77.

UTo momaxHo ObITH B NMpaBoil YacTu HepaBeHCTBa?

Cmyodenm. Moset Ny(abc) — 17

Cepoc Jlene. Bee He Tak npocTo. Bo-nepBbix, uTo KacaeTca —1:
B cllyyae MOJMHOMOB 3TO ObLI NMOJAapOK 6GOroB, U Mbl HE MOMEM
OUJaTh Yero-HuOyAb CTOJb #e TOUHOro JJA IedbiXx yucena. Kpo-
Me TOro, MbI 3/lech JeficTByeM MYJIbTUNAWKATUBHO, a He ajau-
TUBHO. T'ak 4TO JaBaiiTe B3rJIAHEM Ha HEPABEHCTBO

max(|al, |b], |¢]) < No(abc).

K comaneHuio, oka3biBaeTcfi, 4YTOo B o0O6lleM cilydae 3TO He-
paBeHCTBO He BepHO. IJTo OblIo BlepBble oOHapy#eHo CTio-
apToM— Tuitnemanom [StT 86], KoTopble Takme NOKa3alu, 4TO
Mo-Npe#HeEMY HepaBeHCTBO He Oy/eT BBINOJHATHCA, €CIU MbI
3aMeHUM IpaByIO0 4acTh Ha BbIpameHHe: KOHCTAaHTa YMHOMUTD
Ha No(abc) He3aBUCHMO OT TOr'0, HACKOJBLKO BeNUKA KOHCTaHTA.
Ipyrumu cioBaMu, He cyujecmeyem makol koHcmanmut K, umo-
ObL HepaseHcmao

max(Jal, [b], |el) < K - No(abe)

0bl10 GEPHBLIM O0AA 6CEX B83AUMHO NPOCMHIT UeAblx a, b, ¢, Koe-
da a + b = c. ]IBa ctynenta u3 Heabckoro yHuBepcutetra CTeitn
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BoiiTer AcTp3eboBckuit u [Isx IlInuabmaH npruBein MHe clelyio-
llee MPOCTOe JoKa3aTelbCTBO 3TOr0 aKkTa.
Mp1 paccmaTpuBaeM ypaBHeHUE a,, + b, = c¢,, TOe

an:32n, b, =—1 u cn:32n—1.

danucaB 3 = 1 + 2, nerko AokasaThb N0 UHAYKIUHU, 4TO 2" ge-
mut 32" — 1. IMostomy

Cn

No(apbpecy) <3-2- gn°

OI{H&RO HepaBeHCTBO

n 2™
32" < K.3.925

2n
He MOKeT BBINIOJHATBLCA JJA BCeX 11 HE3aBUCHUMO OT TOT'0, HACKOJb-
Ko 6oJsbIIoi MbI BbiOepeM KoHcTaHTy K, mockoabky K - 3 - 2%

crpeMuTcA K 0 npu yBeJlWUeHUU 7.

[ToaToMy Heo6X0qUMO U3MEHUTH U ellle 0clabuTh HepaBeHCT-
Bo. lIpaBuabHaa runore3a, Ha3BaHHaf 2unome3soil abc, Gbla MOMY-
yeHa MaccepoMm u Octepiie. ITO 0HA U3 NYUIIUX CUIIOTE3 CTOJE-
THUA.

T'unoteza abc (Masser, Oesterle, 1986). Ilpu dan-
Hom ¢ > 0 cywecmeyem xoncmanma K(e) makasa, wmo das
6Cexr HEHYAe6blX 63AUMHO NPOCMBLY UeAblx duces a, b, ¢, maxux,
ymo a + b = ¢, 6epHo HepaseHcmeo

max(Jal, [b], |e]) < K (£)(No(abe)) .

3ametum, uto CrTioapt—Tuiijeman NnpuBeld HEKOTOPbIE
oneHKU cHU3Y aad ¢ [StT 86].

B cymuocTH, TemMH e caMbIMM aprymMeHTaMH, 4yToO U JJA
MMOJJMHOMOB, MOMHO IOKa3aTh, UYTO rumnoresa abc Bieuder mocien-
HIolI0 Teopemy depma mpu mocTaToyHo Oonbinux n. MbI npuBe-
neM moJpoOHoe JoKaszaTelbCTBO. be3 moTepu oGIIHOCTH MBI MO-
KeM IPeanoyoKUTh, 9YTO a, b, ¢ — TOJOMKUTeNbHbIe 1ejble YKC-
ja, I0ATOMY HaM He HY:KHO IucaThb 3HaK a0CONIOTHOM BelMYUHEI.
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HYCTI:» T, Y, 2 — HNOJOHUTEJbHbIC BSAUMHO IIPOCTHBIC LEJIble Yucja
Tarnue, 4To

xn_i_yn :Z’I’L.

IIyctb a = 2™, b= y"™ u c = 2"™. Torga
No(z"y"2") = No(zyz) < wy2.
[IpumenuB runoresy abc, Mbl NoTy4daeM
" L (zyz)'te, Y <L (zy2)tte, 2" <L (zy2)tte,  (B)

rje 3Hak < — a60peBuarypa ;A HepaBeHcTBa < K(g) ¢ KoOH-
crantoil K (¢), 3aBucsamieit ot . [loaToMmy JeBafg yacTh OTHOIIeE-
HUA < ABIAETCA MeHblle 160 paBHOi mpousBenenuio K (¢) Ha
npaBylo 4acThb. [lepeMHoxad HepaBeHCTBa B (5), MOMYyUUM

(zy2)" < (wy2z)>+e.

B3aB sgorapudm, moiyyaem
(n — 3 — 3¢) log(xyz) < log K

¢ koHcrautoit K = K (e). T.k. xyz > 2, 3To noclejiHee Hepa-
BEHCTBO [JaeT BEPXHIOIO I'paHuUlly [IJd n, TEM caMbIM J0Ka3biBasd
nocieaHiomw TeopeMy Pepma 1yd BceX JOCTATOUHO OOJBIIUX N.
I'panuna ana n 3aBucut oT KoHctaHThl K (¢). Ha ceromuam-
HUi JeHb HeT runore3 o6 3¢ dekrTuBHOI onlenke K (g). Pazymeer-
Cfl, IPOCTO AJiA 3(PPEKTUBHOCTU MbI MOKEM B3ATh € = 1, MO3TOMY
aderTuBHOoe Beruncienue K (1) pact apdeKTHBHOE TOKA3aTENb-
CTBO nocJjenHeil TeopeMbl Pepma, cBOAA ee K BbIUMCIEHUAM OJA
KOHEUHOr'o 4ucia cilyyaeB. FicTecTBeHHO, AoKka3aTelbcTBO Baiin-
ca BEpHO [ BCeX 7, HO CYI[eCTBYIOT YpaBHEHUA, MOXO#Ue Ha
ypaBHeHue Pepma, /A KOTOPbIX HEe M3BECTHO aHallora TEOpPEMbI
Baiinca, u nmoaxon udepes runote3y abc MoxeT cpaboTaThb.
Cmydenm. IlbiTancAa 1 KTo-HUOYAb NPUBECTH BbIUMCJIEHNA,
KOTOpble MOTYyT MPUBECTH K KOHTPIPUMEpPY [IJIA runotesnl abc?
Cepoc Jlene. O6p1yHO Tak He mpoucxoguT. Tabauibl pasiio-
MEHUN Ha MPOCThIe YMCla B pa3iMyHbIX Cly4dafdX IeHCTBUTEIbHO
MOJTBEPHJAIOT rUNOTe3y. 3aMeTbTe, YTO NIoKa3aTelb 1+ € B 3Kc-
MIOHEHTe JejlaeT runoTe3dy oueHb cuibHOil. Cpeau ApPyrux Belleit



TI'unomesa abe 43

runoresa abc morasbiBaeT, YTO €CJIU B pasjomeHUAX 4ducel a, b, ¢
CyIIeCTBYIOT NPOCThIe YHcaa ¢ OOJbIIMMHU MOKa3aTelAMM, TOT-
Ja 3THU MPOCThIe UyKncia KOMIeHCUpYoTcA 60bIIUM KOJHUYECTBOM
MalleHbKUX MPOCThIX UKcell, BOSHUKAIONIUX B PasjoMeHUr JUIIb
c noxasateieM 1. Hanmpumep, cyinecTByOT Tabaulbl IJA pasiio-
JKEHUA Ha IpoCThie yucia BbipaxieHud 2" + 1 U MoOX0MKUX YHUcCeN
B craTbe [BLSTW 83]. 9Tu Tabnuupl ABHO MOKAa3bIBAIOT, YTO M0Y-
TH Bce IpOCThie UKnciia BO3HUKAIOT JUIb ¢ MoKa3aTeneM 1. Eciau
CyIlecTBYIOT MajleHbKHe MPOCThie yrciaa ¢ O0JbIIUMHU oKa3aTe-
JAMH, TO OHU KOMIIEHCUPYIOTCA GOJbIIMMM MPOCTBIMU 4YHCIaMU
c noka3sareieM 1.

Cmydenum. A BieueT Ju nocliefHAd Teopema Pepma rumnore-
3y abc?

Cepic Jlene. Het. Ilocneguasa Teopema ®Pepma — 3TO TOJLKO
yacTHbI# ciayuail. ['unoresa abc HaMHOro cuibHee U AaeT OoJiblie
MHbopMalu 0 TOM, KaKk orpaHMuYMBalOTcA MOKa3aTelu MPOCThIX
yucel B pasfiomeHUuAX rumnoredbl abec. YToObl NpoACHUTHL obcTa-
HOBRY, [JiA mocjieqHeil TeopeMbl PepmMa HaM He TpebyeTcA uc-
nojib30BaTh TUnoTe3y abc c nokasateneM 1 + €. Jlto6oro ¢purcu-
pOBaHHOI'O MoKa3aTelA OyJeT JoCTaTOUHO.

Cmydenm. Kakum oOpa3oM BO3HHKAIOT TaKkKhe T'MIOTE3bI?

Cepic Jlenz. Maccep u OcTepiie He IPOCTO MOJYUYUJIHU ITY TU-
note3y. Ouu paboranu Hajg HamMHoro Goljiee obIieil 3agaueit, Ko-
TopaA HU B Koeit Mepe He 3jieMeHTapHa. To, Kak A npejacTaBuU
runoTe3y 3[ech, He oTpaxaeT TOro, Kak OHa Oblja OTKpPbITaA HC-
Topuyecku. HacToAmasa #1u3Hb HaMHOI0 cjoHee. ['unore3a Bo3-
HUKJIA U3 riyboKoro udyueHud airebpanyeckoil reoMeTpuu U Te-
OpUM MOAYJIAPHBIX GYHKIUII, a HE IPOCTO U3 CBA3U C TEOPEMOi
Meiicona CToTepca. AT U3bICKAHUA CIMUIIKOM CJOKHBI IJIA TOTO,
yTOoOBI A MOT' paccKka3aTh 0 HUX celiuac. TemM He MeHee Al XOTeJl Obl
clelaTh ellle HeCKOJbKO KOMMeHTapueB, KOTOpble OTKPOIOT HEKO-
TOpbIe BO3MOMHOCTH.

PaccmoTpuM ypaBHeHUe Buia

bynem wuckaThb ero pelieHHA BO B3aMMHO IMPOCTBHIX IeJbIX
ypcaax u, v U k. JTo ypaBHeHHe BIlepBble paccMaTpHUBajOCh
M. Xoanom [Ha 71]. OH npeanoxui cieaymouyo runoresy.
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I'mnore3a Xoanaa. /Jaa yeavlx ducea u, v u k, ydosiremeo-

paowux ypasHenuio ud — v? =k # 0, neobrodumo, 4mobvl

ul> <K% w o < [R[FE

B nmeiicTBuTenbHOCTH XO0JI MPEIJI0MAMI CBOIO TUIOTe3y 6e3 ¢!
B To BpeMsA oH He Buaed HeoOXoAUMOCTU B AobaBieHuu €. Heko-
TOpPOe BpeMsA Al AyMal, 4TO € Heobxoaumo. A ceiiuac gaa MeHA
He fICHO, HYKHO WJM He HYMHO J00aBiAThb € B I'MmoTe3y XoJJa.
BoamosHo, hopmyaupoBka XoJia Gbljia COBEPIIEHHO MPaBUIbHOM
13-3a TOro, UYTO OH paccMaTpuBaj ypaBHeHHUe clelliajlbHOro BUa.
B no6om ciyyae, «runoTe3a XoJJja 1A MOJUHOMOBY yiKe JoKasa-
Ha B 1965 r. JlaBennopTom [Da 65], u naxe B Gollee TOYHOM BH]JE,
6e3 Heollpe/leJJleHHbIX KOHCTAHT B OIleHKe.

Teopema HaBennopra. I[lycmv f, g — dsa noaunoma, He
paenble KoHcmanme, yoosiemeopaouue svipaxceruio > — g2 # 0.
Tozda

L deg f < deg(f* — g%) — 1

deg g < deg(f* — g°) — 1.

U

Bbl MoseTe [0oKa3aTb 3TU HepaBeHCTBA, HENOCPEACTBEHHO
npumeHAd Teopemy Meiicona— CToTepca, Korjga moJluHoOMbI f U g
B3aMHO NpocThle. byeT XopoliuM ynpa#iHeHUeM Mo anredpe 1o-
Ka3aTeJIbCTBO HEpAaBEHCTB TaKike B clydyae, Korjga f W g He fAAB-
JAI0TCA B3auMHO npocThiMU. Torga BaM Heo6XoquMoO ar 3a mia-
romM u36aBiIATbCA OT OOIMX MHOMUTeEJEeN, YTOObI CBECTU TEOPEMY
K cilydalo, Koraa f u g B3auMHo npoctheie. [loaTomy BaMm npugercsa
paccMoTpeTh 6ollee oblilee ypaBHeHUe BUA

Af? +Bg® =h

¢ MoJAMHOMHUANLHLIMH Ko3ddunuentamu A u B. Orpanudenue Ha
crenenu f, g, h B TakoM ypaBHeHHHU OyJeT Torja 3aBuceTh oT A
u B.

llaBaiiTe BepHeMcA K I[eJbIM unciaaM. Mbl cHoBa pacCMOTPUM
ypaBHeHUe
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C B3alMHO IPOCTHIMHU uKcaaMu u, v U k. [Ipumenas runoresy abe,
MbI MOJYYUJIM OrpaHuYeHUA

[ul’ < (No (k)™ |o]* < (No (k). (6)

[TonpoGHbIli BBIBOA ABIAAETCA JerKUM yIlpamHeHuem. I'mmoresa
Xo/ta ¢ € 3aTeM cleAyeT U3 TUNoTe3bl abc, Mo KpaitHeil Mepe
IUIA B3aUMHO MPOCTHIX u, v, k, nockonbky No(k) < |k|. B 6onee
o6ILIeM cilydae pacCMOTPUM ypaBHEHUE

Au® + Bv? = k

C HeHYJeBbIMH IedbIMU Koaddunuentamu A, B. Torma rumnore-
3a abc maeT Takue ke oleHKH, Kak B (6). Pasymeercd, BHyTpeH-
HKie KOHCTaHTbI, BO3HUKaOI[Ue B HepaBeHcTBax (6), 6yaAyT Toraga
3aBuceTh oT A u B. U elie 6osee o61iuii caydaii, Korja Mbl MOeM
paccMaTpuBaTh ypaBHeHUA Gojiee BLICOKUX cTeleHell, a MUMEeHHO

Au"™ + Bv™ = k.

IlokazaTenu n, m — MNoJ0:KUTENbHBIE IleJble yncaa. Mbl npepno-
naraeM, 4To mn # m + n. 3aTeM, Kak Jierkoe ylpaxiHeHHe Ha
NpUMeHeHUe TUMnoTe3bl abc, BLIBOJAUTCA HEPABEHCTBO

lu|™ < (No(k))mni+e)/[mn—(mtn)]

v aHaloruuHo 1A |v|™. Kak yske ynmoMmuHamnoch, B 3TOM HepaBeH-
CTBe BHYTpPeHHHe KOHCTaHThI 3aBUCAT oT A u B. BosBpaimadch
Kn =3 um = 2, Mbl BUJUM, YTO CYIIECTBYIOT cliellialbHble 3Ha-
yenna A u B, KoTopsle oco6enHo uHTepecHbl. Hanpumep, A = —4
u B = —27. Torga BhipameHue

A = —443 — 272
XOPOIIO U3BECTHO KaKk JeTepMHHAaHT I0oJMHOMA
X3+ uX +o.

[lnAa 3TUX chnenualbHBIX 3HaYeHU A u B cooTBeTCcTBYIOIad Ir'u-
moTe3a M3BeCTHa Kak o6ob6uenHas runotesa [llnupo (Szpiro). Bo-
ob61i1e ropopsd, [lInupo B ucxoqHol TUNOTE3€e WCIOJAb30Bal He YHC-
10 Ny, a 6osee clioxHbIit ”HBapuaHT N, KOTOpbIit BO3HUKAaeT B Te-
OpUHU IUNTUUECKUX KPUBBIX, T.€. B TEOPUU ypaBHEHUN Bujaa

Y2=X3+uX +o.
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JTYy TEOPHUIO CIO0#HO 0OBACHUTL HA yYPOBHE Halllero oocy K aIeHu ,
1 MbI He OyJeM 3TUM 3aHUMaTbcA. B m06om ciayuyae Ilnupo npu-
meJ K cBoell rumnore3e yepe3d riyboKoe M3yudeHHe U OCMbICIEeHUE
anrebpanyecKkoii reoMeTpuu M Teopuu uuceil. B To e Bpemd,
13-3a TOro, YTO fl MCMOJIb30BaJl TOJbKO MPOCTOH MHBapuaHT [Ny,
KOTOPBINA JIETKO OINpeNeluThb, U MOCKOJbKY Mbl CBA3bIBAIU T'UIIO-
te3y Illnupo numb ¢ Teopemoii Meiicona—CtoTepca u TuUmoTe-
3011 abc, A He MpUJepKUBaCA UCTOpUUYECKOTro nopAaka. B aTom
CMbIciie A oOMaHbIBall Bac, ITOCKOJbKY A oTOpocui 6oJbliinue obaac-
TU MaTeMaTUKHU, KOTOPble UT'PaA/IM BamHYIO POJIb B HICTOPUYECKOM
pa3BUTUM Bcex rumotes. U3 1enoro A BbIAEINT TO, UTO MOKET
ObITH NMPOCTO U NMOHATHO 0O0bAcHEeHO B TeueHue yaca. Ho marte-
MaTUKU, KOTOpPble MOJYYUJIU ITU TUNOTE3bl, HE MPUIIIU K HUM
TaK MPAMO U MPOCTO, a TOJbKO IOCJe TAMENOH U IPOJ0NKUTEIb-
HOI paGoThI ¢ ATUMU TTyGOKUMU U OGMUPHEIMU TeopuAmu. ([las
JalbHEeNIINX MPUIOKEHUH TUNOTe3bl abc B Teopuu 3AIUNTHUYEC-
KUX KPUBBIX U JalbHEHIIUX KOMMeHTapueB, cM. [La 90], B KoTo-
poit Takxe comepsuTcA 6osee obuMpHaa Gubauorpacdus.)

B 3akiaiouenune A oTMeuy, UTo ucxoaHad rumoresa Illnupo
B IefiCTBUTEILHOCTU OTHOCUIACh He K HepaBeHCTBY (6), a k Gonee
ciiaboMy HepaBEHCTBY

|A] < (No(A))5te. (7)

Bonee cunbHad runotesa (6), koTopas faeT oneHKH Aiad |u| U |v),
a He Tonbko 1uA |A|, 6pl1a chopMynupoBaHa aulb no3axee. [loa-
TOMY MBI ccbliaeMcA Ha (6) kak Ha 06o6menHyto runotedy Ilnu-
po.

Takum ob6pas3om, Kak BHAUTE, NOTPeGOBAIOCH MHOI'O BpeMe-
HU 1A pa3BUTHA FUNOTE3bI abe, YTOOBI 0CO3HATL €€ LeHTpalbHOoe
MoJIoxeHNe B TEOPUHM UYHCeN U B TeOpUH ypaBHeHuil. ctopus cie-
lloBajla He 10 NPAMOIl JINHUY, a IPOXOoAUIa Yyepe3 00X0JHbIE Iy TH
M aHaJloruy, rje Teopema [laBeHmopTa U TEOPEMBI O NOJMHOMAX
TaKe, Kak U runotesa Xouia, chirpaiu cBoio poib. Ho mmeHHo
TaKk pa3BHBaeTCcA MaTeMaTHKa!

IIpunosxenue

[Becnoti 1998 2. a umen 603MOxHcHOCL NO2080pUMb NO Me-
Ae@ony ¢ ywenHurom ewvinyckHozo kaacca Hoa Cuaildepom, romo-
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polil unmepecosa.aca mamemamuroil. A paccrazaa emy o 2unome-
3e abc u o mom garme, umo ona Gviaa dorazana OAL NOAUHOMOS.
A npedaoxcun emy nodymams 06 amoil 3adave u npedioxcus no-
nelmamusca Nocmpoums dokasamensvcmeo 0as noiuHomos. Becvma
npumedamenbHo, ¥mo OH Hallea cg0e co6cmeeHHoe JoKa3ameds-
cmeo, Komopoe npouwie, wem mo, komopoe A yanaa om Meiicona.
A ouendv 6aazodapen H. CHaiidepy 3a paspeuierHue onybauKOBaAMb

e20 dokasameavcmeo 6 amoil kHuze. Cetivac on cmydenm I'apsap-
da. C. Jlenr.]

HPYTOE JOKA3ATEJIbCTBO T'HIOTE3bI abc IJIA MOJIAHOMOB,
NMOJYYEHHOE H. CHAWIEPOM.

Ham nonagobutcea clefylomas jJeMMa 0 NMOJMHOMAax, Halpu-
Mep ¢ Ko3(ppuuueHTaMu U3 KOMIUIEKCHBIX uyuncen. O6o3HauuMm
HOJ/l nByx monuHOMOB f, g Kak

HOL(f, g) = (f, g)-

[ycthb ng(f) — KOAMYECTBO pa3iNMYHBIX KOpHei moiuHoMma f.

Jlemma. Ilycmov f Heuyaesoll noaurnom. Tozoa

deg f = deg(f, f') + no(f)-

HOKA3ATEJILCTBO.
BO-HepBbIX, caejsiaeM 3aMevyaHurue O ROPHAX IIOJIHMHOMA f
IIyctb @ — KopeHb f, T.e. KOMILIEKCHOE 4YHCJO, TaKoe, 4YTO

f(a) = 0. Mb1 monaraem, 4to f — MOJAUHOM, He paBHbBI KOHCTaH-
Te, noaToMy f uMeer crenedb d > 0. Mb1 MoxeM 3anucatb f(t)
Kak MOAUHOM OT (f — @), T.e. KaK CyMMYy YOBbIBAIOIIMX CTele-
Heit (t — ),

f(t) =calt — )+ ...+ ce(t — @),

c KoadpuueHTaMu ¢q, ... , ¢ U e > 0. IlocKkobKYy @ — KOpeHb,
TO MbI B eficTBUTEIbHOCTHU Hoiay4daeM ¢ > 1 u ¢, # 0. Torga

P = dealt = '™+ et - ),
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u ec, # 0. TakuMm o6pasom, Mbl moayuuau, yto (t — a)¢~! —

HauGoublnaa crenedb (t — a), geaamad f’'(t). Tenepp o6o3HaUNM
uepe3 aq, ... , Qp PA3IMYHbIE KOPHU f ¥ 3anuiieMm

ft) =c(t —a)®...(t — a,)°" c KoHcTaHTOI ¢ # 0.

3aTeM TONbKO MHOMuTenu cTeneHu 1 Beipamenus (f, f')
NONHHBI UMeTb BUA (¢ — ;) JIA HEKOTOPOTrO j, T.e. NIA HEKO-
TOPOii HEHYJIeBOil KOHCTAHTHI ¢,

(f, f’) = C,(t — al)kl o (t— ar)kr.

Hcnonab3ysa OAHO3HAUHOCTb pasiio#eHUA Ha MHOMUTEIU, [epBoe
3aMeuyaHue MoOKa3plBaeT, 4To k; = e; — 1 0aA wamjgoro j =
=1,...,r. Torga Mbl noy4yum

degf=e1+...4¢e, =
=(e1 = 1) +...+ (er = 1) + 7 =deg(f, f') + no(f),

4YTO U JORKRaidbIBaetT JeMMY. [ |

Teopema. I[lycmv f, g, h — 83aumHO npocmoie NOAUHOMDYL,
makue, ymo f 4+ g = h. bes nomepu o6wHocmu, nycmov h — no-
AUHOM Hauboabuwell cmenenu cpedu f, g, h. Toeda

deg(h) < no(fgh) — 1.

JTORA3ATEJILCTBO.
Ham mano, uto f + g = h. llostomy f' + g’ = h'. Takum
oOpasoM,

fle—fg =Ff(f+g - f(f+&)=fh—-fn.

3ametuM, uyto (f, f') meaut neByio vacth, (g, g') menut neByio
yacthb u (h, h') genut npaByio yacTb. [loaTomy, T. k. f, g, h B3a-
VMHO IIPOCTBI,

(fa f/)(gv gj)(ha h/) ACINT f’g_ fg,

Torna

deg(f, f') + deg(g, g') + deg(h, h') <
< deg(f'g— fg') < degf+degg—1.
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[IpubaBndaa deg h k 06euM yacTAM U NepecTaBiAA cllaraeMble, Mbl
nojsiy4yaeM, 4TO

degh < deg f—deg(f, f')+deg g—deg(g, g')+deg h—deg(h,h')-1.
CornacHo nemme IojiyyaemM

degh < no(f) 4+ no(g) +no(h) —1 =ne(fgh) — 1,

T.K. f, g, h B3aumHo npoctTeie. Teopema mora3aHa. H
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I'no6anbHOE MHTerprvpoBaHue JOKaJAbHO
NHTerpupyeMbIX BEKTOPHBIX MoJeii

Matepuan 3Toii Gecelbl MPOUCXOAUT U3 NpeAcTaBlIeHUA Ap-
TuHa TeopeMbl HKomu, HO B OeficTBUTEIbLHOCTH HpPUHAJIEHUT,
B CBA3MU C dJleMeHTapHbIM BellleCTBEHHbIM aHalN30M, K Kypcy Ma-
TeMaTHYeCKOro aHalu3a HeCKOIbKUX (BoobIe roBopdA ABYX) Ie-
pemMeHHbIX. He npennonaraeTcA HUKaKUX 3HAHUII KOMIJIEKCHOIO
aHanusa. HekoTopble aiemMeHTapHble 3HAHUA O YacCTHBIX IPOU3-
BOJHBIX CUMTAIOTCA U3BECTHBIMH, HO He Gojee, yeM IPHUBEIEHO
B [La 87] rnaBa VIII, § 4. Bonee nonHoe o6y #/1eHe MOKHO Hali-
tu B [La 97| rnaBa XV u XVL

B ocHOBHOM HCHOJIb3YIOTCA NPAMOYTONbHbIE YTU. Eciau Bl
mejlaeTe allpMOPHO NIPUHATH NMOHATHE O Yucie 06X0N0B AJA 3aMK-
HYTOT'0 IPAMOYTOJbHOIO IyTHU, TOrJa Bbl MOKeTe NPOYeCTb TeOo-
peMy 5 U ee [OKa3aTeJlbCTBO He3aBUCHUMO OT BCEro OCTalbHOrO.
PesynbTaT TexHMYeCcKU HaXxoAUTCA Ha ypOBHe reoMeTpPUM IJIOC-
KOCTH, XOTA KOHIIENTyalbHO U3JI0/eHNe MaTepuaia HaXoAuTcA Ha
6oJiee ycI0#HEHHOM ypoBHe. B neficTBUTeNbHOCTH 3TO pe3ybTar
0 3aMKHYThIX KOHTYypax Ha m1ockocTu. Korjga MomxeT 3aMKHY ThI
KOHTYpP OBbITh IpeicTaBleH KaKk cyMMa I'paHuUl] NpAMOYToJbHU-
KOB?

I'no6anbHOEe MHTErprUpoBaHHe J0KaJAbHO
NHTEerprupyeMbIX BEKTOPHBIX MHoJjei

1 cobupatoch 06cyqUTh TEMY, aHaAJOr KOTOpPOi 06bIYHO pac-
cMaTpUBaeTcA Ha KypcaX KOMILIEKCHOrO aHajiu3a, HO 3Ta TeMa
B OCHOBHOM CBfi3aHa C BellleCTBEHHbIM aHalW30M Ha IIOCKOC-
i R?. Ilyers U — cBA3HOe OTKpbITOe MHO#ecTBO B RZ. Pac-
CMOTpPUM BeKTopHOoe mnojie F' na U. JTo 03HauaeT, uto F' — 3TO
oToOpaseHue

F:U - R?,
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daJaHHoe B KOOPpOAHWHATHLIX prHP{I_II/IﬂX

F(z, y) = (p(z, y), q(z, y))-

Mb1 nonaraemMm 3gech U B JanbHelilieM, 4TO QYHKIUU p U ¢, 3a-
Aawple KOMIIOHEHTbl BEeKTOpa, UMeIOT HeINpepbiBHble UYacTHbIE
MpPOU3BOJHbIe, WM, KAk TOBOPUTCA, NpUHaalexaT Kaaccy C1l.
Ilycts v — Kycouno raaakuii Cl-nyte B U. Korma Mbl roso-
pUM nyms, Bcerja nojpasyMeBaeM IapamMeTpU30BaHHbINA MyThb,
T.e. Cl-wpusasa B U aABnseTca oTobpaseHneM

v:la, b] > U

¢ HellpepbIBHBIMU Npou3BoAHbIMU. KycouHo raagkuit Cl-nyTh AB-
ngeTcA nocjaefoBaTelbHocTbio Cl-KpUBBIX

vi: lai, bj] = U, i=1,...,r,

TakuX, 4to v;(b;) = viz1(a;) ana i = 1, ..., r — 1. Ipyrumu
clloBaMH, KOHeYHafA TOYKa i-T'o oToOpaxeHud ABIAETCA Havalb-
HOI TOuKoil (¢ + 1)-ro orobpanenuna. Takum o6pa3oM myThb Mpo-
XOOUT W3 HavalbHOM TOYKHU ¥1(a1) B KOHEUHYIO TOURY 7. (b).
Pasymeercsa, MO#HO HapaMeTpH30BaTh Bech NMYyTh 3aHOBO TakK,
4TOOBI OH ONpeJeNANcA Ha OAHOM HUHTepBane ~: [a, b] — U,
roe by =a;41 (i=1,...,r—1).

Ha HameM 3agaHHOM BeKTOpPHOM moje F' Mbl MoeM onpeje-
IUTh UHTerpa: ot F' Bmoab myTu

r
/ F = Z / F.
y 1=1 i
P{a}ﬂﬂoe claraemMoce OHpe,HeJIeHO OﬁbI‘-IHbIM CHOC060M
b;
/ F= f Fyi(t)7A(8) dt.
Yi a;

HuTerpan ot F' mo v B obileM ciyuyae 3aBUCUT OT MYTH, a He
TOJbKO OT KOHEUHBIX TOYEK.
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CuTyanusa ynpoiaeTcA [IJA BamHOT0 Kjacca BEKTOPHBIX IO-
neii. @yurnua ¢: U — R Ha3biBaeTcA nomeHyua.Llom Ui nome-
yuaavhotl gynryueil BekTopHoro noua F', ecnu F' — rpaaueHt ¢,
T.e. ' = grad . [Ipyrumu cioBamu,

(p, q) = gradp = (g—i, g—z).

BeKkTopHOe mMojie ¢ MOTEHIMAJOM Ha3bIBaeTCA KOHCEP8aAMUBHbIM
BeKTOpHbIM mojeM. IIpocTtas Teopema, cTaHmapTHad B Kypcax
aHalu3sa TrjiacuT, 4To ecau F' — KoHcepeamueHoe, (o — nomeH-
yuaavnaa Pynkyua u P u () — HA1aAbHAA U KOHEYHAA MOYKU
nymu vy, moeda

[F =) - ()

IloaToMy B 3TOM ciyyae MHTerpaj He 3aBHUCHUT OT IIyTU MEmIY
KOHeUYHbIMU ToukamMu. O6paTHoe Toxe BepHo. TouHaa dhopMynu-
pOBHKa:

Teopema 1. Ilycmv F' — sexmopHoe no.ae HaA OMEPLIMOM
ceasnom muoxncecmse U 6 R>. Tozda F umeem nomeHuuaisHymwo
¢pynryuto na U moz2da u moavko mozda, ko2da npu 0eyr 3a0aHHbLE
moukax P u () 6 U u dasa awbozo0 nymu v us P 6 (), aexcauezo

6 U, unmezpaa fF He 3asucum om -y.
¥

Teopema 1 — 3To pyHIaMeHTaNbHbIH pe3yabTaT, 00LIUHO J0-
KasbIBaeMblif B cTaHJapPTHLIX Kypcax aHaiausa. Ugea 3ariatouaert-
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cA B TOM, 4To (puKcupyeTca Touka Py u onpepaeifeTcA

Q

Py

BJOJIb TPOU3BOJLHOrO MyTH U3 Py B (). Ecau npeanosoxuThb, 4To
WHTEerpaj He 3aBHUCUT OT IIyTH, MOJydaeTcA, YTO TOT MHTErpall
ABIIAETCA XOPOIIO ONpeaeleHHON QyHKIMeH, IJIA KOTOPOil JerKo
norasaTb, 4To grad ¢ = F'. MbI He OyneM 3[ech BOCIIPOU3BOAUTD
nokaszatenbcTBo. CMoTpu K npumepy [La 83/97] rnaBa XV, Teo-
pema 4.2 unu [La 87], rnaBa VIII, §4.

Takre Jerko JoKasaTh, YTO ABE NOTeHNHAIbHble QYHRIHNU
Ha U oTanyaroTcA Ha KOHCTAHTY, T. €. pa3HOCTh paBHa KOHCTaHTe.
Cmotpu [La 87|, rnaBa VII, teopema 1.1. [losTomy noreHnuaib-
HafAd QYHKIMA ABIAETCA OJHO3HAYHO ONpeel]eHHON ¢ TOUYHOCThIO
0 KOHCTAHTBI. 3aMeTHM, UTO 3Ta KOHCTAaHTA WHTEr pupoOBaHUA
rcue3aeT, KOrJja Mbl, BLIUUCIAA pasHocTh ¢(Q) — ¢(P), nonydum
3HaueHue nuHTerpaia ot F', korga F' iMeeT noTeHNUAIbHYIO GYHK-
UIo .

MosHo mo-mpyromy nepedopmyiaupoBaThb TeopeMmy 1. IlyThb
Ha3bIBaeTCA 3AMKHYMbLM, €ClIi KOHEUHAA TOUKa COBIAJaeT C Ha-
YyalbHOU TOYKOWA.

Teopema 1'. Ilycmvs U — omkpuimoe ceasnoe MHOMIeCmse0
6 R? u nycms F — eexmopnoe noae na U. Tozda F o6aadaem
nomenyuaavHoll Pynryuell mozda u moavko moada, ko2da 0ia 6cex
samrHymulx nymetl v Ha U mvt umeem fF = 0.

¥

UTo6bl NOKa3aTb 3KBHUBaAJEHTHOCTb TeopeMbl 1 U Teope-
MbI 1", 3ameTuM, uTo npu ABUMeHUH Mo nyTH us P B (), a 3aTeM
mo myTu u3 () B P, noiy4yaeM 3aMKHYThIil NyTh. [lokazaTeabcTBO
npocToe U 0O6bIYHO MPUBOAUTCA B Kypcax aHajiu3sa.

Tenepb MNpeanosioxsuM, UYTO BEKTOpPHOe TMoJie MpUHAjJe-
AUT Kaaccy C?, IpyruMu cjloBaMM, ero KOOpJAMHATHbIE (YHK-
uuu p(x, y) u q(x, y) UMeIOT HenpepbIBHbIE YacTHbIE TPOU3BOJI-
HbIe BTOPOTo nopAaka. Ilpeanonosum, yro F' uMeeT noteHnualb-
HY10 QYHKIUIO ¢, IO3TOMY IO OlpejlelleHII0

0 0
p(w,y)=8—i n gz, y)=3—§-
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SJIGMGHTaprIM Q)aHTOM aHajlunsa AaBidaeTca To, 4TO

dp @

INOCRKROJIbLRY YacCcTHbI€e NIPpOU3BOJHbIE KOMMYTHUDPYIOT, T. €.

dp _ *p _ Pp _ 0q
dy Oydr 0xdy Ox

[TosTomy ycnoBue (2) ABnfAeTcA HEOGXOAMMBIM yCIOBUEM JUIA TO-
ro, yTo6sl F' nMeso noTeHNualbHy0 QYHKIMIO. ITO yCIOBUE Ha-
3bIBAeTCA yc.rosuem unmezpupyemocmu. B Kypcax aiemeHTapHO-
ro aHanusa OObIUHO [JOKAa3bIBaeTCA, YTO JOKalbHO yCIOBUA HH-
TErpUpPyeMOCTU JOCTATOUYHO JJIA CyIllleCTBOBAHUA NOTEHIIMANIbHO
¢yHruu. bonee ToyHo:

Teopema 2. [lycmv F — sexmopnoe noae kaacca C? na U,
ydosaemsopaiowee ycaosuiw unmezpupyemocmu (2). llyemvs R —
npamoyzoavHuk, codepxcaujutica 6 U (coomeemcmeenno D —
kpye, codepacawutica 6 U), mozda F umeem nomeHyuasvHyio
dyuryuio ¢ Ha R (coomsemcmeenno Ha D).

TOKA3ATEJIBCTBO.

3adurcupyeMm Toury (xo, yo) B R, cKaskeM, LeHTpP NMPAMO-
yroibHUKa, WM B cly4yae Kpyra mycThb (zo, yo) OyAeT HeHTpOM
kpyra. lng Touku (z, y) B R (cooTBeTcTBeHHO B D) onpenenum

T Yy
o(x, y) = /p(t, y) dt + /q(wo, u) du.
To Yo

BTOpOﬁ HHTerpal He 3aBUCHT OT . ITo ocHOBHOI1 TeopeMe aHaljlnsa
InojgdyvdaeM TOHIEeCTBO

dp _
% —p(-’IJ, y)a

KOTOpOe ABJAETCA IEPBLIM U3 ABYX YCJIOBI/Iﬁ IUIA TMOTEeHIIA/IbHOM

dyHKIMUA. YTOOBI HAliTU YACTHYO MIPOU3BOJHY IO —90, MBI O HbI

dy

npoaudepeHIUPoOBaTh MOJ 3HAKOM HUHTerpana, 4YTo Bbl JAOJHIHbI
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dHaTb M3 Kypca J3JeMeHTapHOoIro MaTeMaTH4YeCKOI'O aHallnuaa. 3a-
TeéM MbI I[IOJYYUM

d

By (z, y) = ay (t, y) dt + q(x0, y) =
o
= / Qq(t y) dt + q(zo, y) =
8t 9 9
Lo
=q(z, y) — q(zo, y) + q(z0, y) = q(z, Y).
qTO N JOKAaa3bIBaeT TeopeMy. B

BexTopHoe mosie, KOTOpoe yJOBJIETBOPAET YyCIOBUIO HHTEr-
pupyemoctu (2), 6y/ieM Ha3bIBaTh A0KALbHO UHMeZPUPYeMblM B
cBeTe TeopeMbl 2. MoxHO ociabUTh 3TO olpejeleHue, MOoTpe6o-
BaB JHIIb, YTOOLI Y JAaHHOH TOYKM CYIIeCTBOBaja OKPECTHOCTD,
B KOTOpPOI BEKTOPHOE I10Jie MMeeT MOTeHIMaJdbHY 0 PyHKIMIO, HO
AJA MPOCTOThI Mbl COXpaHUM JAaHHOE paHee OIpeelieHUe.

Ilenbio Haliero Tekyiero oocy:;jaeHUA ABIAeTCA Hcceq0oBa-
HUe YCJIOBU, MPU KOTOPLIX F' MMeeT MoTeHIUANbHYIO GYHRIIUIO
Ha BceMm U. IpyrumMu cioBamMu, HaM HY:#KHa riobalbHaa UHTETpU-
pyeMocThb. B 061emM ciiyyae ycloBUA UHTErPUPYEMOCTHU He JoCTa-
TouHo. CyllecTByeT cTaHJapTHLIN NpUMepP, a UMEHHO BEKTOpHOE
noJie, 3ajlaHHOe BbIpameHueM

—Y T —Y x
Glw,y) = (;1:2+y2’ ;1;2—|—y2) - (T—z’ r_z)’ rae 1’ =" 4y

PasymMmeercsa, BeKTOpHOe Ioje He oOlpejeleHo B Touyke Hayaja
roopaunat (0, 0) = O. OHo ompejeneHo Ha MIOCKOCTU C BbI-
kosoToit Toukoii R? — {O}. IIpocThle BbIYMCIEHNA TOKA3BIBAIOT,
uTo G(x, y) YAOBIETBOPAET YCIOBUIO MHTErpUpyeMocTHu (2) U 1o-
3TOMY JIOKajlbHO MHTerpupyemo. Onnako, G He UMeeT NOTEHIU-
albHOM (PYHKIMYU Ha Beeil o6aacTu onpeenedua. YToObl IoKa3aTh
3TO, MbI PACCMOTPUM 3aMKHYTYIO KPUBYIO 7 TaKylO, YTO

[c o

v
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B neiicTBUTeNbHOCTH, KAK MBI cefiyac MoKaxeM, MO#HO BbIOpPaTh
B KayecTBe 7y N0OYI0 OKPYH#HOCTb € IIEHTPOM B Hauaje KOOpau-
HAaT.

[Ipex e Bcero BeiuucauM p dx + q dy B MOJNAPHBIX KOOpJUHA-

Tax. IIpu 3TOM oKasbiBaeTcA, UTO OJIA P = _2y’ q= %
r r

pdx + qdy = db.

[lelicTBUTENbHO, MOJOMUM £ = 1rcosf U y = rsinf B NOTAPHBIX
KoopauHaTtax. Toraa

_ Oz 0T 49 — _ s
dx = P dr + 90 df = cosf@dr — rsinf db,

oy dy .. .
Edr—k %dﬁ = sinf dr — r cos 8 d6.

dy

IIpocTbie ynpoleHua NOKa3bIBalOT, YTO

- Y x
(— dr + | = ) dy = d#.
2 2
r r

N3 »Tux BbIYMCIEHUI cleayeT, YTO NOJAPHBIN yroa 6 AB-
JaAeTcA JIOKaJIbHOI MmoTeHIUaAbHOH dyHKENUel nna G. Ecaiu R —
npamMoyronbHuk B R? — {0} umu D — kpyr B R>— {0}, Torna § —
notennuan giaa G B R, coorBeTcTBeHHO B D.

IIyeTp v — nyTb, He colep:alluii TOUKY Hayvajla KOOpIU-

HaTt O. Torga
/ G = / a9,
¥ ¥

Eciu v — 3aMKHYTbBIH IyTh B IPOKOJOTOI MIOCKOCTHU R? — {0},
TOrJa BAOJb MyTHU # M3MeHAEeTCA OT HavYaJlbHOW TOUKM 10 KOHEY-
HOIl TOUKU Ha UHTerpal, kpaTHbii 27w. Takum ob6pasom,

/ G = 27k, (3)

rae k — 1enoe unciao. B yacTHoCTH, OJA OKPY#HOCTH C IIEHTPOM
B Haualle KOOpJAMHAT, OPUEHTHPOBAHHOI MPOTUB YacoBOU cTpel-
KU, CKakeM, A eJUHUYHON OKPYMHOCTU x = cosf, y = sinf,
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MBI [IOJYYUM
27

G:/d9:27r;£0.
0

Kak Bbl MOsKeTe NMPOBEPUTH, TO #e caMO€ BBIMOJHEHO IJA J11000ii
OKPY#HOCTH C IIEHTPOM B Hauaje KoopAauHaT. I3 aToro, B yacTt-
HOCTH, ciaenyeT, uTo (G He MMeeT NMOTeHIMala Ha Beeil R? — {O}.

OTHomenue (3) ABnfAeTcA GyHIaMEHTANIbHBIM U CIYHUT OC-
HOBOI [/A ciefgytouiero onpeaeieHud. Ilycts v — 3aMKHYTBIH
MyTh Ha IJIOCKOCTH, He cojep:;Kammuii Havyaia KoopauHaT (. MbI
onpeneiuM Yuc.ao 06xodos NyTu

W@@:%/G
vy

JTO 4YKCI0 00X0J0B OTHOCUTENbLHO Hauajlda KoopauHart. [aAa npous-
BOJbHOIH TOYKHM P MbI MOeM OIpeJeluTh YMCI0 00X0I0B, BBINOJI-
HUB NapaiielbHblil epeHoc. Ilycts P = (o, yo). llycts Gp —
BEKTOPHOE IoJie, onpeAe]eHHOe KaKk

Gp(z,y) =G(x — 20, ¥ — Yo)-

IlycTh v — 3aMKHYTbIi yTh, He cogepaamuii P. MbI onpenennm
yucio o6xonoB W (y, P) dopmyioit

1
W('%P):%/GP'
FY

IlozgHee MbI yBUIUM, 4TO G U ero nepeHochl G p COCTaBIAIOT
eJUHCTBEHHbIEe NPENATCTBUA IJIA TOro, 4TOObI JOKaJIbHO WHTET-
pUpyeMoe BEKTOpPHOE I0JIe UMeJo I00albHYI0 MOTEHIHAalbHY IO
¢yHKIUIO. ITOT (PyHAAMeHTalbHbIN pe3yibTaT OCHOBAH Ha cle-
aylomieil TeopeMe, KoTopafd, Kak OyJeT MOKa3aHO, NpelcTaBIAET
co60il YMCTO TOMOJOTHMUYECKUI pe3ynbTaT, HO cHayajla Mbl BbIpa-
3UM ee aHalUTUYECKHU.

Teopema 3. Illycmv U — omkpvimoe ceasHoe MHOMHCECTBO
6 R?. Mycmv v — samrnymoi nyms 6 U. [Ipednososcum, wmo dan
scex mouex P & U uucao o6xodoe W (v, P) pasro 0. Ilycme F —

AOKAAbHO UHIMezpupyemoe eekmoproe noae na U. Tozda [ F = 0.
¥
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B peficTBuTenbHOCTH, BMECTO TOT0, UTOOBI paboTaTh C My THA-
MU B CTPOI'OM CMbIcile, KAK MbI UX ONpeJeluiu, yao6Hee paboTaThb
¢ dopMalbHbBIMU JUHEHHBIMU KOMOUHAIUAMU

n
Y= Z mi%i,
i=1

rie Kamiablil y; — 3aMKHYTbBIA OYyTb U m; — Ilelloe Yucio Ajd
Kajaoro ¢. UHTerpan ot F' mo < onpejienAeTcA NPpocTO Kak cyMMma

I/IHTeI‘paJIOBt
n
/ F = Zmi / F.
0% =1 Vi

Tarasa ¢opmanbHaa nuHeliHaA KoMOuHaluA OyaeT Ha3bIBaTbCA
samrHymoil yensvio. Torma u TeopemMa, v JeMMa BbITIOJIHAIOTCA AJA
3aMKHYTBIX ILieleil.

I[TPUMEP. IlycThb 777 — OKpY#HOCTh paguyca 1 ¢ HeHTpoMm
B Hauajle KOOpAUHAT U Y2 — OKPY#HOCTh paguyca 2. IlycTb

Y= — 72

Ramgad U3 okpyHoCTeit oprueHTHUPOBaHa MPOTUB YacoBoit cTpel-
kKu. BosbmeMm F' = (G — BeKTOpHOE T0Je, ONpeieieHHOE Nepel Te-
opemoit 3, u myeth U = R? — {O} — nnockocTh ¢ BBIKOMOTOM TOY-
Koii. KquHCcTBeHHaA TouKka, He npuHaaiexamasa U, — 3To Hayalo
KOOpAMHAT, U Torga uucio o6xonoB W (y, O) Gyner paBHATbCA

27TW(’Y,O):/G— G =21 —-21=0.
Y2

Y1

Tenepb MBI IIpUuBeaeM aoKa3aTellbCTBO TeOpeEMEI 3. 3aTteMm
MBbI IIOKaxeM ee MpUuJIoHeHUA.

,Z[OR&S&TGJI]:CTBO OCHOBHOM TeopeMbl

llorazaTenbcTBO 6yeT MPOXOAUTh B HeCKOJbKO 3TanoB. Ha
IEPBOM LiIare cBeJjeM TeopemMy K TOMY, YTO Mbl Ha3blBaeM MPAMO-
YTOJIbHBIMU Iy TAMU. bollee TOUHO MbI OyieM Ha3bIBaTh Yy Thb Npsa-
MOY204bHbBIM, KOT'/Ia OH COCTOUT U3 KOHEUHOTO KOJIMYeCcTBa OTPe3-
KOB MPAMbBIX, KOTOpble NapaijelbHbl KOOPAUHATHLIM OCAM, T.E€.
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OTPE3KM NPAMbBIX, KOTOpble TOPU30HTAIbHbI WU BePTUKAJIbHBI.
Torga MblI MOAYUYUM JeMMY peayKIUu:

Jlemma 4. FEcau meopema 3 svinoanaemca 0asa npamoyzonsb-
HbLT 3aMEHYMBLT yeneil, moada oHa 6ydem 8bINOAHAMbBCA 04 NPO-
U360AbHBLY 3aMKEHYMBLT Yenell (6ceeda nodpasymesaem KYcoiHo He-
npepuieHo Juddepenyupyemoie).

YTobbl I0Ka3aTh JeMMY, HaM HY#HO cHauaja MoKa3aTh, KaK
MPOU3BOJbHBINA MyTh Y B U Mo#eT ObIThb 3aMeHEeH NPAMOYTOJb-
HbIM nyTeM 7) B U, UMeOUM Ty #e€ caMylo HadyalbHYI0 TOURY
U Ty e caMyl0 KOHEUHYIO TOYKY U TaKuM, 4YTO AJA Jio6oro Jo-
KaJlbHO UHTerpupyemMoro BeKkTopHoro noja F' B U Mbl noiydaem

/F:[E

[Ipeanonoxum, uto v: [a, b — U omnpeneneH Haj 3aMKHYTBLIM
MHTEPBAIOM [a, b]. BBUIYy paBHOMepPHOI HENPEPBHIBHOCTH 7y MOMKHO
MCI0Jb30BaTh pa3breHne UHTepBaja

a=a3 <ax<...<ay=b,
MpUYeM a;y1 — @; JOCTATOYHO Malo, Tak 4To obpa3 |a;, @ji1]

B v cogepxutca B kpyre D; C U. Ilyctb %;: [a;, aj41] = U
u nycth P; = v(a;)-
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Tenepb 3agaguM NpAMOYTOJNbHBIN MYyTh, 3aMeHAA KamJo0e ;
AByMA OTpe3KaMM MpPAMBIX, MapalielbHbIX O0CAM, KaK IOKa3a-
Ho Ha pucyHke. Takum obpa3om, 7; Takke cojepxutcd B D,
U 71, ..., 7_q COCTABIAIOT INPAMOYTOJbHBIA NyTb 7 U3 P
no Py . boaee Toro, oA Kamaoro ¢ myThb 7); TaK#e CONEPHUTCA
B D;. llockonbry P;, P;11 — HavanibHafA U KOHeYHad TOUKa KaK
MyTH 7;, Tak U 7); U TMOCKOIbKY F' — JoKaibHO UHTerpupyema,
TO, cleJoBaTelbHO,

/F:/F pia t=1,..., N —1.
Yi ni

/F:/E

¥ 7

B 4aCTHOCTHU, 9TO IPUMEHHUMO K BEeKTOPHOMY IIOJIIO G u I[I09TOMY

[G:!G

ITo onpeaeilennio, 3ToO o3HavaeT, 4YTO YHCJI0 00X0/10B

W(n, P)=W(y, P)=0

IToaTomy

naAa aoboit npousBoabHoit Touku P He B U. IloaTomy eciu Teo-
peMa 3 BepHa IJA NPAMOYTOJIbHOTO MMyTH 7}, TO OHA TaK#ke BepHa
nad v, 1 neMMa 4 n1oka3aHa.

OcTranoch AokasaTh TeopeMy 3 AJA NMPAMOYTOJbHBIX MyTei
WU Lene.

IIpennonoxkum cHauaida, 4To /R — 3aMKHYThII MTPAMOYTOJb-
HUK, cogepsamuiica B U. Ilyctb OR — ero rpaHuia, opueHTHPO-
BaHHaA MPOTUB YaCOBOM CTPEJIKM, KaK MMOKA3aHO Ha PUCYHKe.

T. K. BekTopHOe moJie F' oKkalbHO UHTErpupyemMo, TO U3 Te-

OpeMbl 2 ciaenyeT, UTo
/ F =0.

OR
Ecau IIYTb WK Lellb 3aJaHbl KaKk CyMMa I'rpaHuvn npaMoOyrojJbHH-

KOB, CKameM
n= E m; OR;,
i
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U KaKIblii NpAMOYTOJbHUK cojep:utca B U, Torma

/F:Zmi/F:O.

n OR;

U3 ¢yHmaMeHTalbHOrO pe3ylbTaTa, COAep:kallerocsi B clelylo-
meii TeopemMe, MbI IOJYUYUM TO, UTO HaAM HYMHO IJIA 3aMKHYThIX
npAMOyroibHbIX Leneii. [Io nemme 4, TeM caMbIM MbI TaKiKe [0-
KaxeM TeopeMy 3.

IIpaMoyroibHble 3aMKHYThie NyTuU. Teopema
0 KOHTYypaXx Ha MJIO0CKOCTH

IycTh U — OTKPBLITOE CBA3HOE MHO#eCTBO B R? U mycTh 1) —
npAMoyroabHelit nyTb B U. Toraa 1 cocTtouT U3 nociegoBaTelb-
HbIX TOPU30HTAJbHBIX U BEPTHRAIbHBIX OTpe3koB. Ilycth o —
TaKkoll OTpe3oK, cKameM o: [a, b] — U. Ilogbepem a < ¢ < b.
Torpa o menutcs Ha Ba oTpeska o': [a, ¢] = U u o”: [¢, ] —» U:

o(a) o(b) O'(.C)

@ &
' "

o) (o}

Ecnu Mbl 3aMeHUM o Ha o' + 0] ¥ NOBTOPUM 3TY HpPOUEAYPY
KOHEUHOE YMCJIO pa3, UCHOJb3YyA pas3inyHble OTPE3KU, COCTaBIA-
FOIIME 7], MbI MOJAYUYUM TO, YTO MbI GyJeM Ha3biBaTb pazbueHuem
nmyTu 717 1 o6o3HaunuM Subd7n. Ml Tenepb MoxeM choOpMYyIUPO-
BaTh (QyHAaMeHTalbHYIO TEOPEMY, B KOTOPOil MOABIAETCA TOILKO
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YHNCJIO 06X0,HOB, HO 3a MCRJIIOYECHHUEM ITOI'o0 HUYEro 0 BEKTOPHLIX
IMOJAX.

Teopema 5. Ilycmv n — 3amrHymMan npamoy20ivHas Uens
6 U. Ilpednoaoxcum, umo W(n, P) = 0 daa awboii mouru P, He
aedxcawetl 8 U. Tozda cyuiecmeyem KoHedHOe KOAUYECTIBO NPAMO-
yeoavHuros R; (i =1,..., N), codepamawuxca 6 U u yeavie wuc-
4@ M; MaAKue, ¥mo 0Aa HeKomopo20 pa3bueHus nymu 1 Mvl umeem

Subd n = Z m; OR;.

JTOKA3ATEILCTRBO.

3agaHa npAMOYToJdbHaA 1enb 7. Mbl pucyeM Bce BepTUKAab-
Hble U TOPU30HTAaIbHbIE JUHUH, IPOXOAAIINE Yepe3 CTOPOHBI ATOM
eny, Kak MoKa3aHO Ha ciedyiolleM pucyHke. Torga 3Tu Bep-
TUKalbHble U FOPU3OHTANbHbIE JUHUM Pa3fedloT INIOCKOCTh Ha
MPAMOYTOJbHUKM U IPAMOYTOJbHbIE 00JIaCTH, MPOAOJKAIOINECH
B 0€CKOHEYHOCTh B BEPTHUKAIbLHOM M IOPU30OHTAIbHOM HalpaBie-
HuAax. [lycts R; — oJuWH M3 NPAMOYTOJbHUKOB U NMycTb P; —
Touka BHyTpu R;. IlycTb

m; = W(na Pz)
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1A HEKOTOPBIX MPAMOYTOJIbHUKOB m; = (), a 114 HEKOTOPbIX MpA-

MOYTONbHUKOB m; # 0. Ry, ..., Ry — Te NpAMOYTOJIbHUKHU, A
KOTOPBIX M1, ... , M, He paBHbI 0, 1 nycTb OR; — rpanuna R;
niai =1,..., N, opueHTUpoBaHHaA MPOTUB YacOBOHl CTPEIKH.

HaMm Hy:#HO JOKa3aTb JBa yTBep:#HAeHUA:

1°. Bearuit npamoyroabuuk R; Takoit, uto m; # 0 cogep-
smutea B U.

2°. HekoTopoe pa3bueHue 1) paBHO

N
i=1

Tem caMbIM GYJIGT JORKa3aHa Hys#Hafd HaM TeopeMa.

YrBepsaeHuvue 1. Ilo npeanonosxenuto P; foi#HO ObITh
B U, nockoiabky W(n, p) = 0 ana BcAkoit Touku P, He learieii
B U. 3aMeTuM, 4T0 QYHKIUA KoJduUyecTBa 06X0/I0B

P— W(n, P)

ABJAETCA HeNpPepbIBHOW U MO3TOMY ABIAETCA IOCTOAHHON Ha
CBA3HBLIX MHOMECTBAaX, NOCKOJLKY OHa NpPUHUMAaeT Iielble 3Haye-
nusa. IlosTtomy niaa Bcex P Bo BHyTpeHHocTH R; GynzeM HMMeTh
W(n, P) = W(n, P;) # 0. lloatomy BHyTpeHHOCTh R; cojep-
mutca B U. Ecau rpannuybasa Touka R; JemuT Ha 1), TOorga oHa
naxogutea B U. Ecau rpanvunas Touka R; He JeUT HAa 1), TOT-
lla KOJMUYeCcTBO 00X0J0B OTHOCUTENbLHO 7) ONpefieleHo U CHOBa He
paBHO (0 10 HenmpepbIBHOCTU, NPUOIMAAACLE K I'PAHUYHON TOYKe
13 BHYTPEHHOCTHU. JTO [OKAa3bIiBaeT, 4TO BeCh NPAMOYTOJbHUK,
BRJIIOYaA IpaHuly, cogepsurca B U, 1 TeM caMbIM [JOKa3aHO Ha-
llle IepBoe yTBepHIeHue.

YrBep:aeHue 2. [liA nokasaTelbCcTBa 3TOr'0 yTBep#e-
HUA MBI NIpekje BCero oTMeTUM, UTo ecidu P, — TouKa BHe MpA-
MoyToJdbHuKa R;, To

W (OR;, Py) = 0.

Onuako ana () BuyTpu R; Gynet Beinonneno W (9R;, Q) = 1.

Tenepb MbI HepeiileM K [I0Ka3aTelbCTBY 3TOI'0 YTBep:Hije-
HUA. Bce BepTHKanbHble U TOPU30HTANAbHbIE JUHUU, MTPOXOAAIINE
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yepe3 Hally Iellb 7), MOTYT pacceyb HEKOTOpPbIE U3 FOPU30OHTAlb-
HbIX M BepTHUKAJIbHBIX NMyTel, BO3HUKAIOUUX B 1), HA HECKOJIbKO
yacteii. Takum obpa3oMm ¢popmupyercd pasdbuenue 7. [nsa yeneii
MHTErpupoBaHuA 3To pa3bueHue paBHO3HauUHO camMoMy 7). Tenepsb
MbI pacCMOTPHUM IleNb

C=n-> m;oR;.

YTBeps#aeHne 2 paBHOCWJILHO TOMY, 4TO lenb (' He CONEp:KUT
HHKaKOro OoTpe3ka, JpyrMMU cjlIoBaMU, TOMY, 4TO nenb (' ABIA-
eTcA HyJeBoi Iemnblo. IIpeamnonoxum, UTO KaKoW-TO OTPE3OK O
HaxonuTcA B C' U1 0 — cTopoHa npAMoyroibHuka Ry. Tormga Mbl
CMOsKeM 3anucaTh

C=n-— Z m; OR; = mo + cnaraemble 6e3 o,

1

rge m — KaKoe-TO Ielloe 4yucio, koTopoe He paBHO (, eciu o
cogep:kutcd B C. B meficTBUTEIbHOCTH MbI JOJMHBI 10Ka3aTh,
yto m = (), MO3TOMY HU OZHOI'0 OTpPe3Ka He MokeT ocTaThbeA B (.
Mb1 paccMoOTpuM lielb

’:n—ZmiaRi—maRk :C—maRk,

1 BBIUMCIUM KOJWYeCTBO 06X0O0B OTHOCUTENbHO Fj, KoTopas Je-
#UT BHYTpU Rjy. Mbl nonyuum

- Zmz 8Rz - maRk, Pk) =
= W(n, P) Zmz (OR;, P) — mW (ORy, Pr) =

= Mg — Mg — MM = —1m.

Onunaro nenb C’ Goiblle He CONEPHUT O, MOCKOILKY O ABIHET-
cA cTopoHoil Ry u Mbl Beiuiau mo u3 C', Beruntaa m OR; u3 C.
B namem pa30ueHMHU MJIOCKOCTH Ha NPAMOYTOJIbLHUKU o NPUHA-
JeMUT T'paHulie ABYX NpAMOyroibHUKOB. Eciu R HaxoguTcA IO
OIHy CTOPOHY 0, TOr/la KaKoi-TO NPAMOYTOILHUK I; HaxoauTcA
0 APYTYIO CTOPOHY, KaKk MOKa3aHo Ha pUCYHKe.

3 C.Jleur
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R,  p R,

P,

Toukun P, nu P; MO#HO COeJUHUThL OTPE3KOM NPAMOH, KOTO-
pBIii He MMeeT HM eIMHOH TouYKM, obuei ¢ nenbio C’. IloaTomy

_m:W(n—ZmiaRi—maRka Py) =
_W ZmﬁaR —maRka J) —
— W 777 Zmz 8RZ) P) W((?Rk, PJ) =

JTo JoKa3biBaeT yTBepJeHHEe 2 U 3aBepllaeT A0Ka3aTelbCTBO
TE€OpEMBI . N

3AMEYAHUE. IIpuBelieHHOe BbIllle JOKa3aTeIbCTBO He COMlEp-
MUT HUKAKUX cBeJeHUil U3 aHalu3a, 3a MCKIIUYeHeM olpejele-
HUA KoJndecTBa 06X0J0B, KOTOpoe ObLIO YA0OHO 3aJaTh C MOMO-
b0 MHTerpana. 3a UCKIIYEHNEM 3TOT0 apryMeHThl HOCAT YUCTO
KOMOMHaTOPHBLIN XapaKTep, U Teopema ABIAETCA Pe3yJbTaToOM O
KOHTYpax Ha IJIOCKOCTH.

JdBa NpujioeHUA

Mb1 MoO#eM NMPUMEHUTh TeopeMy 3 AByMA cnocobamu. Ilep-
BbIil MOKaMeT, KaK UHTerpaji BAOJIb 3aMKHYTOrO IMyTH WU LENu
MOKeT OBITh BBIUMCJIEH KaKk CyMMa HHTErpajoB M0 MajeHbKUM
OKpy#HOocTAM. [Ipyroit npuBeseT K ycJoBUIO, OKa3bIBAIOIIEMY,
YTO €JUHCTBEHHOE MpeNnATCTBUE JJIA TOro, UTOObI JIOKAIbHO WH-
TerpupyemMoe BEKTOPHOE MoJie UMeJOo MOTeHualbHYyI0 QYHRIUIO,
BO3HUKaeT 13-3a Halllero BeKTopHoro noiuf G u nepenocoB G p Ha
onpeaeileHHble TOUKU P.

Teopema 6. [ycmv U — omrpuimoe muoxcecmeo 6 R? u
nycms v — 3amrHymaa yens 8 U, maraa, wmo W (y, P) =0 daa
ecex P & U. Illycmv Py, ..., P, — KOHeYHOe YUCAO PA3AUYHDBLT
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moyex U, He npuHadaexcawur . llycms v; (i =1, ..., n) epanu-
ua samrnymozo kpyza D;, codepucawezoca 6 U, codepicawezo P;
U OpUEHMUPOBAHHO020 Npomus wacosoll cmpeaku. Mot npednoaaza-
em, umo D; He nepeceraem v u He nepecexaem ﬁj, ecau i # j.
IIycmo

mi = W(’Y? PZ)
Ilyemy U* — mnoxcecmeo, noayiennoe ydasenuem Py, ..., P,
uz U. llycmv F' — .0KaabHO uHMezpupyemoe 6eKMOPHOE To.ae
na U*. Tozda
n
¥ =y,
HJOKA3ATEJILCTBO.
ITycTs

C=v- E miYi.
Mb1 yTBepsgaemM, uTo AdA Bcex Touek P BHe U™ BhINoiHe-

Ho W(C, P) =0. Ecaiu P ¢ U, Toraa

W(C, P) = =Y miW(y;, P)=0-0=0.
3aTeM AJA ogHoil u3 Toyek P BMecTo P O0yneT BbINOJHEHO

1 ecau =k,

W (v;, Pr) =
(7> Fi) {O eciu i % k.

CaemoBaTelbHO,
W (C, Py) = W(y, o)=Y miW(vi, Pr) = W(y, Py) —my = 0.

Torga Mbl IpuMeHAeM TeopeMy 3 K OTKPbITOMY MHoxecTBY U*
u nenu C. Mbl noaydum

e [rSom [
C vy =1 Vi

4YTO N JOKaidbliBaeT TeopeMy 6. [ |
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ITpuMEP 1. Ha crienyioliieM pucyHKe BbINOJIHEHO

[F=-[r-2fr-[r-2fF
¥ 7 V2 V3 Y4

Ilyecrs P — Touka Ha R?, u mycTh Dp — Kpyr ¢ neHTpoM
B P. Ilycts D}, — Kpyr c ABIpKO#, Nody4YeHHbI ynaneHueM P.
IlycTb yp — OKpY#KHOCTB ¢ LleHTpoM B P, nexamas B kpyre Dp
1 OpUeHTUpOBaHHaA MPOTUB 4YacoBoii cTpenku. llycts F' — ino-
KalbHO MHTerpupyemMoe BeKTopHoe noije Ha Dp. Boiwemom F' B
Touke P mbl GylleM Ha3bIBaTh

resp(F) = %/F
Tp

BcnomuHada Teopemy 6, Mbl BUAMM, UTO 3TOT BbIUET HE 3aBUCUT
OT BbIOOpA OKPYHHOCTU Yp. IIpuMeHeHne TeopeMbl 6 NIPUBOAUT

K ¢dopmyie
/F = 227777%' -resp, (F').
i

Y

Ipyrumu cioBaMu uHTerpai F' BOOJIb Y paBeH 27T YMHOMUTD
Ha CyMMY BbIUETOB, COCUMTAHHBIX ¢ KPATHOCTAMMU 171;.

JdTa TepMUHOJOTUA UCNOJIb3yeTCA B TeOPUU QYHKIUN KOMII-
JEKCHOI'0 MepeMeHHOr0, I'/ie Bbl 00HApPY#UTe TEOPEMY, COOTBET-
CTBYIOIIYyIO TeopeMe 6, chopMyJUPOBaHHYIO [JIA ONpeeeHHbIX
KoMIIJIeKcHbIX GyHKUUI. Ho Korga Bel OydeTe udyudaTh Kypc Te-
opun GYHKIHH KOMIIJIEKCHOIO MepeMeHHOro, BaM clieAyeT INpo-
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BepUTh 1A cebA, 4To TeopeMa 6, KOTOPYIO Mbl JoKasalu, coaep-
#KUT COOTBETCTBYIOIYIO TeOpeMy O KOMIIEKCHBIX GYHKIIUAX KaKk
YyacTHLIN cayuaii. ITa TeopeMa Ha3bIBaeTcA meopemoll 0 6bliemar
uiau meopemotl Kowu o svivemad.

Mb1 nepeiifeM Ko BTOPOMY IpPUJIOMEHUIO, TPUBEIA MPenAT-
CTBUE K CyIlleCTBOBaHHUIO NMOTeHIIMAAbHONH QYHKIIUU.

Teopema 7. Ilyemv U — cea3Hoe omKpuimoe MHONHCECTB0
2
68 R”, makoe, ymo dasa raxcdozo samrxrymozo nymu vy 6 U u 6 kadxc-
doti mouku P ¢ U evinoaneno

Wy, P) =0.
llyemv Py, ..., P, — pasauunvie mourku U, u nycmo
U*=U—-{Py, ..., P,} — mHomecmeo, noayiennoe yoareHuem
Py,..., P, us U. llycmv F — .a0kaavHO uHmezpupyemoe 6ek-

mopHoe noae Ha U*. Kax o6viuHo, nycms

G(w,y):( —7 ) = )

x2+y2 £U2—|‘y2

ITycmv» Gp — nepenoc G 6 moury P. Tozda cyuwecmeyom KoH-
cCmanmwl a1, ... , Gy U Pyuryua ¢ Ha U* mawrasn, 4mo

F — Z a;G p, = grad ¢.

1=1

IOKA3ATEJIBLCTBO.

HyCTb Y¥; — MajJlIeHbKHUEe OKPYMHHOCTH C LHeHTpaMHu B TOY-
Kax P;, opueHTHpoBaHHble MPOTUB 4YacoBoii cTpeiaku. Ml npen-
mojiaraeM, 4YTO OKPYH#HOCTHU JOCTATOYHO Malbl, UYTOObI Npu k # i
3aMKHYTble KpYI'u, orpaHuyeHHble 7y; U 7y, OTAEJEHbl OpPyr OT
apyra. Torna BBIITIOJIHEHO

_ J2m ecam i = j,
/GPJ' B {O eciu i # j. (*)
Vi

_ 1 _ . ’
Ilyets a; = 3 [F = resp. (F') Mo Hamleii nocnejHell TepMUHOIIO-
Vi
ruu. IlycTs

P =F-) a;Gp.

i=1
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ITo Teopeme 1’ 1 Teopeme 3 JocTaTOUYHO JOKas3aTh, YTO IJIA BCEX
3aMKHYTbIX IyTell v B U™ BbINOJIHEHO

[ =0

Y

Ho ucnonb3ysa TeopeMy 6 u ycioBuA (), MOdyUYUM

/F1 ZmZ/Fl Zmz/<F—Zaijj) =
= Smizmoi - / miagGp, =

) ‘7’)’@

= Z mi2ma; — Z m;a;2m = 0,

4YTO OORKRaa3bIBaeT TeopemMy 7. [ |
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TGOpEMbI aHaJ/Jau3a o0 allliporcuMalnmnm

AHanu3s B 60abloli cTeleHW 3aKkai04yaeTcA B MOJYyUYEeHUU olje-
Hok. Ho Tak:ke cyliecTByeT uyacThb aHaiu3a, KOTopad 3aHHMa-
eTcA MPOBepPKOil TOM/IeCTBEHHOCTH PAa3jIMUHbIX BbIpameHUil, 4To
B CYIIHOCTU INpejAcTaBideT coOoii anrebpandecKkyio CTPYKTYpY,
B oTJIM4HKe oT onieHOK. IlociaenoBaTenbHocTu [Iupaka u ceMelicTBa
Iupaka ucnoiab3ylT oba aclneKkTa.

IIpumepsl MoKa3bIBAIOT IMHUPOKYIO 06JacTh NPUMEHEHUA.
Kpome Toro, A cunuTal ecTeCTBEHHbIM YINOMAHYTb T3Ta-pAlbl B
CBAI3U C COBEpPIIEHHO pa3jWYHbIMU KOHTEKCTaMHU, UYTOObI MOKa-
3aThb, KaKk Kasajlochb Obl pas3iudyHble YacTH MaTeMaTUKU, B Jeii-
CTBUTEIbHOCTH, OJU3KO cBA3aHbl. Kypchbl 00bIYHO MOCBAINIAIOTCA
JUIIb OJHOU U3 objacTeil MaTeMaTUKU M3-3a OTPAaHUYEHHOCTH IO
BpeMeHH, a TaKe MOTOMY, YTO OHU ABIAIOTCA MOATOTOBKOH K
APYTUM KypcaM, TaKk 4To OObIUHO He XBaTaeT BPeMeHHU, UYTOObI
CMOTPETh B OKHO U 6poauTh 6e3 neau. B HacToAIlell KHUTre Y HaC
HeT HU (PUKCUPOBAHHOTO paclucaHMWfA, HU NMporpaMMbl Kypca, HU
KOHTPOJIbHBIX paboT U OKpY#eHHe COBepIIeHHO Apyroe yeM ToO,
YTO BO BpeMA Kypca. ITOT MaTepual JaeT BO3MOMHOCTh NpoBec-
THU Ielylo cepuio Gecef.

TEOpEMLI aHaiau3sa o0 aliripoKkcrManmAax

I cobupaloch HauaThb ¢ 04eHb 00leil TeopeMbl 00 alMpPOKCHU-
Mallid, KOTOpasA OTHOCUTCA K TaK Ha3bIBaeMbIM IOCjedoBaTelb-
HocTAM Iupaka. 3aTeM A co6uparch 06CyIUTh IPUMEPbI U NPH-
JT0:ieHHUA, Takue Kak:

— Teopema BeitepmTpacca 06 annpokcuMaluid, B KOTOPOii
rOBOPUTCA, UTO HellpepbiBHAA GYHKIUA B KOHEUHOM 3aMKHYTOM
MHTepBalle paBHOMEPHO aNlpOKCUMUPYETCA MOJHHOMAaMMU.

— Pagp1 dypoe.

— I'apmonnveckune GyHKIUU U ceMeiicTBa Ilyaccona.

— Pellenuna ypaBHeHUA TeNJIONPOBOAHOCTH.
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B kamgom ciiyuyae yacTHBIN pe3ydbTaT B KamOgoii KOHKpeT-
Hoil o6sacTu OyeT npefcTaBleH Kak clielliajldbHbIA ciy4ail o01ei
TeopeMBblI.

3a ucriouyeHueM TeopeMbl BeliepumiTpacca o6 annpokcuma-
IIUU, 3TU pe3yJbTaThbl ObLIYM U3HAYAILHO OTKPLITHI B 00J1aCTAX, 00-
muX AaA ¢usuku u MatremaTuku. Ho ToabKo moTomMy, 4To 4TO-TO
ObLJIO OTKPBITO B CBA3U ¢ PU3UKOI, HE 03HAYAET, UTO 3TO PU3U-
Ka. Bce u3 BhllllenepeunciieHHbIX Pe3yJJbTaTOB UMEIU 3HaYeHHE BO
MHOTruX ob6JlacTAX MaTeMaTHUKY, BO3MOHO Jlaxe BO BceX ee obJac-
TAX. fl xoTen 6bI cKazaThb, K IpUMepPy, UTO TEIJOBOI HCTOUYHUK,
KOTOPBIA MbI 00CYAUM MO3HEE, ABIAETCA OOJbIIUM B3PbIBOM Ma-
TeMaTuyecKoit BcelleHHOH. Bbl yBUaMTE, UTO OH UCNOJIb3yeTCA IO-
BCIOZY.

Tenepbr BepHeMcAa K MaTemaTuKe. Mbl paboTaeM c BelecT-
BeHHoit npAaMoii R. HauHeMm c onpepneineHua cBepTKU ABYX (YHK-
nuii. llycts f u g — nBe pyHrnum Ha R (BeI[IeCTBeHHbIe qncna),
HellpepbIBHbIE WU KYyCOYHO-HelpepPbIBHbIE, KOMIIJIEKCHO3HAYHbIE
U TaKkue, 4YTO MpU & — OO0 3HAUEHUA f(x) CTPEMATCA K HYIIIO
OOCTaTOYHO OBICTPO, TaK, UTO BCe CleyIole UHTErpalbl CXOAAT-
cA. Hanpumep, eciu f(a:) — (0 BHe KOHEYHOI'0 MHTepBaja, Torjga f
YIOBJIETBOPAET BhIllenepedyrcieHHbIM TpeboBaHuAM. MbI onpefe-
num ceepmry f * g dopmyioit

+0o0
£+ g(e) = / flo — t)g(t) dt.

OueBuHO, YTO CBEpTKa KOMMYTaTHUBHA, T. €.

frxg=gx/[.

Msb1 npocTo cienaem 3amMmeHy u = ¢ —tut =x — u, du = —dt.
PaccMmoTpuM cBepTKY Kak Ipou3BelieHUe, KOTOpoe ABIAeTcA GU-
JUHENHBIM, T. €.

fr(g+g)=f*xg+fxg n (fi+tfo)xg=fixg+t faxg

Boiee TOoro, mJjA A1000ro KOMIIJIEKCHOI'O Yucia o

(af)xg=f*(ag) =a(f*g).
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Tare, MeHAA MOPAJAOK UHTErPUPOBAHUA, MOM#KHO IPOBEPUTH
accollMaTUBHOCThL Tpex ¢pyHKuuit f, g, h, a UMeHHO

(f*xg)xh=fx(gxh).

[loaToMy cBepTKa yAOBJIeTBOpPAET OObIYHBIM NpaBUjaM yMHOMHe-
HUuA. ByaemM roBopuThb, UTO KyCOUYHO HellpepbIiBHbIE GYHKIIUU C [10-
CTATOYHO GBICTPHIM BbIPO#sJeHUEeM Ha 6€CKOHEeUYHOCTU 06pa3yloT
KOMMYyTaTuBHYI0 anreopy Hag C, u BemecTBeHHO3HAUYHbIE QYyHE-
nuu o6pa3yloT KOMMYyTaTUBHYIO aireopy Hapg [R.

BosHukaeT nepBblit Bopoc: CyllecTBYeT JU eJUHUYHbIH 3Je-
MeHT B 3Tux ainredpax? JI[pyrumu cioBamu, cyiiecTByeT Ju GyHK-
nuA 0 Takaf, 4To 0 x f = f mnA Bcex PyHrumi f, ckamkem, He-
MpepbIBHBIX (QYHKIMI, obpaijaloiiuxcad B HyJlb BHEe HEKOTOPOIO
KoHeuHoro umHTepBana? Kto cramer «uar? [Heckoavko pyk nod-
Humaemcs.] Kto crameT «HeT»? [CHOBa noOHUMAEMCA HECKOAbKO
pyk. Boavwuncmeo rpanum moavanue.| 1 mam Bam orBet. OT-
BeT — HET. Ho MbI cobupaemcsa onpeaelnTh HEUTO, MOYTU CTOJb
ke 3aMeyaTellbHOe, KaKk eIMHUYHBIN 3JIeMeHT, a UMeHHO Mocjeo-
BaTelbHOCTb [lupaka.

IIo onpenenenuto, nocaedosameavnocmsy Jupara — 3TO To-
clle/[0BaTelbHOCTh HenpepblBHbIX ¢yHKuuit {K,}, obragatomux
cileJyIOIMMMHU CBOicTBaMU:

DIR 1. ®ynknuu K, — HeoTpullaTeibHble, T.e. K,, > 0 npu
Bcex n=1,2, ...

DIR 2. IIpu Bcex n BBINOJHEHO

+0o0
[ Ku=1.
—00

DIR 3. IIpu 3aganubix € > 0 u § > 0 cymecTByeT ng Takoe,
YTO IIPU BCEX 7T > Ny BBHINOJHEHA OIleHKAa

/ K,(x)dr < e.
|| >0

HOCHG,HOBaTeJIbHOCTb I[I/Ipal’ia MOMeT BbITJIAOEeThb TaK, KaR II0-
Ka3aHo Ha cdieaylonmemM pHuCyHRe.
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Ha npakTuke nociegoBaTenbHocTu /Iupaka cocToAT U3 4YeT-
HbIX (pyHKIUH, T.e. rpadUuK CUMMeTpUUYeH OTHOCUTEIbHO BEPTHU-
KaJlbHOI OCH, KAK HapuCOBaHO Ha PUCYHEKE.

IlocnengoBaTenbHocTu [Iupaka o6aamaloT TpuUMedaTelbHbIM
annpoKCUMUPYIONIUM CBOMCTBOM, KOTOpPOe MbI ceifiyac chopmy-
JUpyeM U JOKareM.

Teopema 1 (O6mas Teopema 06 annpoxcuMaluwu).
IIycmv f — ozpanuvennan kycouHo-nenpepuienad Pynruusa na R.
Tozda nocaedosameavrocms {K,, x f} crodumca k f pasnomepro
Ha A1000M KOMNAKMHOM MHOKHcecmee, 20e f Henpepviena. To ecmo
dan aw000il mouku r, 6 komopoil f HenpepvieHa, 8bINOAHEHO

lim (K, * f)(z) = f(x),

n—00
u cxodumocmo paABHOMEPpHAA, KAK CKRA3AHO Bbllle.

B HEROTOpOM CMBICJE, ITocjiedoBaTeJIbHOCTDb {Kn} «CXOOUT-
CA» K e JMHUYHOMY JJIEMEHTY, XOTA U OYEeBUIHO N3 PUCYHRKAa, 4TO
InocjpegoBaTeJbHOCTb HE MeeT Hpeaeanoﬁ (bYHKI_II/II/I. N3-3a BbI-
nmeyra3aHnHOI'o CBOMCTBA npeneia 00bIYHO roBopdarT, 4TO I1ocieno-
BaTeJIbHOCTb HI/IpaI{a ABJIAETCA annporccu./nauuel'i eJUHUYHO020 24€e-
MeHmda.

HOKA3ATEJILCTBO.
HpI/IMeUIaTeJIbHO, YTOo OOoRa3aTeJlbCTBO BeCbMa l'IpOCTOG. HO
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olpegeleHn1o

n* flx) = fx Ky /K flx —1t)dt.

ITo cBoiicTBy DIR 2 nonyyaem

+0o0 +oo
z) / Ka(t)dt = / Ka(t) f(z) dt

BerunTad, noayudum

K, * f(x) / K,@)[f(x —t) — f(x)] dt.

IIycTh 3HaueHue B orpaHuuuBaeT ¢yHknuwo f Ha R, T.e.
|f(x)| < B npu Beex = € R.

IIycts S — KOMIaKTHOe MHOKECTBO, Ha KOTOPOM f HeNpepbIB-
Ha. Torga f paBHOMepHO HelpepbhIiBHA HA S, U 3TO €IMHCTBEHHOE
CBOICTBO, KOTOpoe Mbl OyJeM HcIojib3oBaTh. IloaTomy npu 3a-
NIaHHOM €, cyllecTByeT ) Takoe, 4To Tpu Bcex * € S u [t| < §
BbIMTOJIHEHO
@ —1t) — fz)] <e.

3aTeM MbI OllEHUM HHTerpail CBepTKHU, KOTOPbIii Mbl pa3obbeM Ha
ABe 4YacTu:

Kot f(@) = @) = [ Ka(®lf(o —1) = fo)]dt +

It <o

+ / K,)|f(x —1t)— f(z)|dt < /Kn(t)s dt +e2B < e+ ¢e2B
|t| >0
pu n > nyg, Kak B cBoiicTBe DIR 3. 1o nokaseiBaer, uro { K, * f}

anmnpoxkcumMupyeT f paBHOMepHO Ha S U 3aBepllaeT J0Ka3aTelb-
CTBO TeOpeMBbI. [

HepeqnchM HECRKROJIBbRKO YacCTHBIX HpI/IJIOH‘ieHI/Iﬁ oOleii Teo-
pPeMEI B pa3qUYHLbIX obJjlacTAX MaTeMaTUKHU.
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Teopema BeiiepuiTpacca 06 annpokcuMaliuiu

Teopema. I[lycmv f — HenpepvieHaa PyHKUUA 6 KOHEUHOM
3AMKHYMOM eeujecmeeHHOM uHmepsaae |a, bl. Tozda f moxcem
6blmb PABHOMEPHO ANNPOKCUMUPOBAHA NOAUHOMAMU HA [a, b].

IOKA3ATEJIBLCTBO.

Hcnonb3ysa napaiielbHblii mepeHoc W IpeobGpasoBaHue IMO-
n06KA, ¢ TOYHOCTBLIO [0 3aMeHbI IepeMEHHON MbI MOeM Ipej-
MOJOMUThL 6e3 moTepu OGIIHOCTH, YTO MHTepBan paBeH [0, 1].
[Mycth L — Tarad nuneitnasa ¢yuknus, uro L(0) = f(0) u L(1) =
= f(1). Hocronbky L — moauHoM (cTemeHu 1), JOCTATOUYHO M0-
KazaTh TeopeMy miA ¢yHrnuu f — L Bmecto dyuknuu f. Ilpe-
MMYIEeCTBO, KOTOPOe MbI IMPH 3TOM IOJydaeM, COCTOUT B TOM,
yto f — L obGpamaerca B Hy/Jbh B KOHEUYHBLIX TOYKAaX HMHTepBaja.
TakuMm o6pa3oM, MbI CBeJIM HAIly 3ajady K J0Ka3aTelbCTBY TEO-
pembl, korga f(0) = f(1) = 0, uTo MbI U GymeM mpedmnonaraTh C
3TOr0 MOMEHTA.

3aTeM MbI ollpeAeduM nocaedosametvHocms Janday

i _ p2\n
Ko (z) = o (L—2%)", ecm |z| <1,

0, ecau |z| > 1.

BribepeM KOHCTaHTYy ¢, TaK, YTOOLI

1
/Kn(x) dr =1, no3ToMy ¢, = /(1 — z%)" d.
~1

Torga K, ynoBiaetBopsaeT cBoiicTBY DIR 2. TpuBuanbHo, 4TO
K, (x) > 0 npu Bcex x. Jlerko nokasaTb, 4To cBoiicTBo DIR 3 BbI-
nojHeHo. Bel MosxeTe npopaboTaTh [eTald CaMOCTOATENbHO WU
mocMoTpeThb ux B [La 83/97], rnaBa XI, § 2, ctp. 288-289. IloaTo-
my {K,} — nocaenoBatenbHocTh [lupaka. Ilo o6meii Teopeme 06
anmnmpoKcuMaluu noxydaeM, 4to K, x f cxoouTcAa paBHOMEPHO K f
Ha uHTepBaie [0, 1]. OcTanock mokasaTh aullb To, uTo K, * f —
MOJUHOM. JTO MPOCTO, U MbI ceiiuac mpoBeaeM BbluncieHUA. MbI

nuMeemM
1

K, f(z) = /Kn(a: —8)f(t) dt.

-1
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Paznomum K, (x — t) Kak MOJMHOM 10 & U 1O ¢, 8 UMEHHO

() ¢ R.

Ky(x—1t) = Z aE?)xitj ¢ KoadpunneHTamMu a;;

Takum o6pasom,

1

K, f(x) = Zagy)a:i/tjf(t) dt = Z Za,gb)bjxi,
-1 t J

rae
1

bj = /tjf(t) dt.

-1

[Mostomy K, * f(x) — 3To NoAMHOM MO MEPEMEHHOI1 T, U TeopeMa
JIoKa3aHa. ]

KTo u3 Bac panblile Bujel AoKa3aTelbCTBO TeopeMbl Befiep-
mTpacca’

Cmydenm. Mb1 Bujilenu Apyroe qjoka3aTelbCTBO Ha Kypce aHa-
nau3a.

Cepic Jlene. Rakoe mokasaTenbcTBO?

Cmydenm. C ucnonbzoBanueM TeopeMbl BeitepmTpacca— Cro-
yHa.

Ceparc Jlene. la, Teopema Beitepmtpacca— CToyHa npeBoCXo/I-
HaAa obllag Teopema, BecbMa IoJjie3Had BO MHOTUX CUTYyallUAX.
Ho ecTh cyliecTBeHHasa pa3HHUlla Me#/Ay NMPUMeHEHUEeM TeOpeMbI
BeiiepmiTpacca— CToyHa u BblllleNpUBeAeHHBIM 10Ka3aTeIbCTBOM.
Teopema BeitepmiTpacca— CToyHa He JaeT HUKaKoi MHGopMaIuu
06 anmpoKcuMUpYIOIlell mociaeqoBaTelbHOCTU, a MPU UCIOIb30-
BaHWHU MocleloBaTelbHOCTU JlaHJay BO3HHMKaeT Takad MOCIHeNlo-
BaTelbHOCTb, ABHO BbIpa#eHHaA B TepMUHAX HayalbHOl (pyHK-
nuu f. Teopema Beifiepmtpacca—CToyHa, K mpumepy, He AaeT
BaM HH(pOpMaIUU O CTeNeHAX allpPOKCUMUPYIOMIUX MOJNHOMOB
KaKk (pyHKLUU OT WUHIEKca 1 U He JaeT OlleHKU Ha K03 PULHMEeHThI
anmnpoKCUMUPYIOIMMUX MOJUMHOMOB Kak (GYHKIUU OT N U, pazyMe-
eTcA, HauanbHOU GyHKNUU f. fIBHAA KOHCTPYKIUA MOKa3bIBaeT
BaM TOYHO W ABHO, KaK MpoucxoguT anmnpokcumanua f. Hcmomnb-
3oBaHue ¢pyHKNU Jlangay naet ABHYIO allipOKCUMUPYIOIIYIO TO-
cjleJoBaTelbHOCTb U B 3TOM CMbIciie Jy4llle, YeM JA0Ka3aTelbCTBO
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c ucmnojlb3oBaHueM TeopeMbl BeiiepmiTpacca—CrToyHa, eciu BaMm
Hy#eH 3 DeKTUBHbINA, KOHCTPYKTUBHBIN pe3yJbTar.

Panger dypbe

B 3TOoM npuioxeHun Mbl pacCMOTPUM NlepuoauvyecKre PpyHK-
nuu mnepuoga 2w. Ilyetsr f — Taraa ¢yHruA. WHTerpainbl
B HocienyiomeM OynyT GpaTbcA Ha WHTepBale [—m, | BMec-
To (—00, +00) B onpejeneHun nociepoBarenbHocTu Jupaka. Oc-
HOBHafA TeopeMa 00 annpoKCcMMalUy ocTaHeTcA TOil e, 3a HUC-

KJIlo4eHrueM 3Toro uaMeHeHuA. Takrxe BpeMeHaMH y Hac 6Y}1€T

BO3HHUKAThb HOpMaJII/IBYIOIHI/Iﬁ MHOMHUTEIb i

2
,HJIH JIIOGOFO oeJyioro n npuMemM

Ine

xn(z) =€

MbI paccCMOTPUM CBEPTKY X, U GyHKIUU f (HempepbIBHOH, ecnu
BbI XOTUTE, B XyJIIEM cllyuyae KyCOUHO HEMpephIBHOMH), a MMEHHO

T

O+ (@) = [ xale =070 de = [ =0 10)a =

—Tr

— eina: / e—intf(t) dt = 27'('Cnein$,
rae
Cn = A e~ £ (t) dt
" 2w

n3BecTeH Kak n-ii koagduuyuenm @Pypve dyuruuu f. Pad Dypve
oT f Toraa mo ompejeleHUIO

+0o0
S¢(z) = chei”“’.

OH MOKeT CXOOWThCA WIN PacXOAUThbCA, MOCKOIbKY MBI He cle-
NTajly HUKaKUX MPeAnosoxeHuil o f, KpoMe NMpeAnooMeHua o He-
npepbiBHOCTHU. MbI onipeieiuM nocaedosameavrHocms Jupuxae D,
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KaKk KOHEUHYIO CYMMY

n n

_ 1 _ 1 ik
D”_27TZXk WA TaKke Dn—27TZe .

k=—n k=—n

Torpa S¢ n = Dy % f — n-a yacTuunaa cymMma paga Oypee,
a UMEeHHO

n
S¢on(x) = Z cret*®,
k=—n

K comanenuio, { D, } He ABIAeTCA mocienoBaTelbHOCThIO lupaka,
W, KaK MBI y#e TOBOPUJIH, YaCTUYHbIE CyMMBI Sy, He 00A3aTellb-
HO cXoJATcA, TeM Goinee K ¢yHruuu f. OgHako Mbl cobupaem-
cA MOCTPOUTH APYTYIO MocjieloBaTelbHOCTh TPUTOHOMETpUUEC-
KHX MOJUHOMOB, KOTOpaf ABJAeTcA MocleloBaTelbHOCThIO [Iupa-
Ka U cXoauTcA K pyHKRIuu f.

Msb1 onpepenum K, Kak ycpeaHeHUe MOcCJeJ0BaTelbHOCTU
Hupuxie, T.e.

Kn=1(Dy+Dy+...+ Du_y)
n

Uid B TepMUHaX NMepeMeHHOUN x

Kn(z) = 2 (Do(2) + D1(2) + ... + Dy ().

HpOCTbIM BbIUHCJIeHHEeM C HCIIOJb3OBaHMeM TPUI'OHOMETPH-
YEeCRUX TOxIOeCTB M TOMOECTB HJA KOHEUYHBIX T'eOMETPHYECKUX
nocijengoBaTelbHOCTEM HaxognuM, 4TO

« 2 nNx
1 S1n (7)

2mn z(g)
sin” { 3

K,(r) =

Hanuumne KBagpaToB B NMpaBoii YacTU BbIpameHUA MOKa3bIBa-
eT, uto K, > 0, uTo ABafdeTcA nepBbIM cBoiicTBoM DIR 1 gasa
nmociegoBaTenbHocTu Iupaka.

UTo6n1 mpoBepuTh cBoiicTBo DIR 2, MbI cHavala MOWIeHHO
npouHTerpupyem D, (z). Honyuum

™ ™

_ ike 1. |27, ecam k =0,
/Xk(w)dx—/e dw_{(), ecnu k # 0.

—T —T
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3aTeM cpa3y IojyJaeM

an(x) dz =1

nocjie UHTerPUPOBAaHUA KaMJA0r0 U3 YJIEHOB U BbIUHCIEHUA CYM-
MbI. JTO JOKa3bIBaeT, YTO MocjieqoBaTenbHocTh {0, } ynoBierso-
pAet cBoiicTBy DIR 2. Ho BbIuuciAA 3aTeM cyMMYy, olpeaesflo-
mywo K, u3z Dy, ..., D,,_1, Mbl IPUXOAUM K 3aKJIOUYEHUIO, YTO

/Kn(ac) dr =1,

T.e. K,, ynoBierBopsaeT cBoiicTBy DIR 2.
N, naxoHen, HaM HY:HO mpoBepuTh cBoiicTBo DIR 3.
Ilpu 0 < 6 < < || < 7 3HaueHusA

S S
2 X
e (2)

OrpaHUu€eHbI, IOCKOJIbKY % otaeieHo oT (. Ilyctb B — rpaHuyHoe
3HaueHue, T.e€.

. T
S11 (5)

IIpu 3agaHHOM € cyIIeCTBYET Ny TaKkoe, UTO IPU N > Ny MOIYYUM

da:g%B<€

2 nx

) / sin ( 2 )

2mn . 2f(x
s<|zl<n | ST (5)

JTo JoKasbIBaeT cBoiicTBo DIR 3, u TakuM o6pa3om MbI oKasany,
4TO

llocaedosameavrnocms {K,} — nocaedosameavrnocms Jupa-
ka (0asa nepuoduveckuxr Gynryui).

IIpumeHnsan obuyo TeopeMy 06 annpoKcUMalUM, MbI NOTY-
YUM OJUH U3 OCHOBHBIX Pe3ylbTaTOB U3 Teopuu pAnoB Pypsbe.
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Teopema ®eiiepa— Yesapo (Fejer —Cesaro). Ilycms f —
KlCOUHO-HenpepvleHaa nepuodudeckas gymryua. Mycmo {K,} —
cpednee 3naveHue yacmuinslr cymm pada Pypve dynruuu f. Toe-
da K, (x) cxodumcs pasnomepHno ¥ f(x) npu ecex r u3 Komnawm-
HO020 MHOMcecmed, Ha Komopom [ — HenpepuleHa, M. e.

(So(x) + S1(x) + ...+ Su(z)) — f(x)

S|

PABHOMEPHO, KAK CKA3AHO 6bllUle.

CyMMUpoBaHUe cpelHUX 3HAUEHUIl YaCTUUYHBLIX CYMM pAJOB
@ypbe U3BeCTHO Kak cymmuposarnue Yezapo.

I'apMoHnuyecKkre QyHKIIMY Ha Kpyre

B Hamux ciaeayoomux npuMepax Mbl BOCIHOJIb3yeMCH pa3Ho-
BUIHOCThIO IOHATHUA MOc/ledoBaTeIbHOCTH, a UMEHHO, Mbl BBeJIEM
MOHATHE ceMelicTBa BMecTO MociedoBaTelbHocTU. TakuM obpa-
30M, MbI onpegneinM cemeiictBo Hupara {K,}, roe 0 < r < 1,
U MMyCcThb r cTpeMuTcd K 1 BMecTo n, cTpemMsAlleroc kK 6eCKkoHeu-
HocTu. Mb1 6ynem HasbiBaTh { K, } cemeiicmeom Jupaka, ecnu oHo
yIOBIE€TBOPAET TPeM YyCIOBUAM:

DIR 1. Ina Bcex r, 0 < r < 1 Bernoaneno K, (t) > 0.

DIR 2. Iaa 3Tux 3HayeHUil r BLIIOJHEHO

]Kr(t) dt = 1.

DIR 3. IIpu 3agaHHbIX €, § cymecTBYeT g, 0 < ro < 1 Takoe,
4yTO IJA BCeX r, 79 < 7 < 1 BbINOJHEHO

-0 ™
_[ K, (1) dt-l—é/KT(t) dt < c.

B TounocTu TeM e cnmoco6oM, KOTOPbIM MbI JOKa3alu Iep-
BYyI0O TeopeMy 00 amnmpokcuMaluud AJA IMocjedoBaTelbHOCTEN,
MO3KHO JI0oKa3aTh COOTBETCTBYIOINIYIO Bepcuio 1A ceMeiicTB.
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Teopema 006 annporcuMaunuu ajada cemelictB Jupa-
ra. Ilycmov {K,} — cemeticmso Jupaka, kakr onpedeneno eviule.
Ilycmov f — kycouno-uenpepvienas gyuryus. Toeda K, x f cxo-
dumcsa k f npu r — 1 pasHomepHo Ha 11060M KOMNAKMHOM MHO-
scecmee, Ha Komopom | HenpepwvleHa.

Pa3yMeeTcd, HaM Hy#HbI IpaKkTUYeCKHNe NTPUMeEPhI cEMeHCTB
lupaka. cnonb3ys nonfApHble KOOpAUHATHI (7, §), onpenenum

+00
P.(0) = P(r, 0) = % ZrlnleinH ma 0<r <Ll
— 0

Ham HysmHO Horasathb, yto {F,}, Ha3biBaeMoe cemelicmeom
Ilyaccona, apngerca cemeiictBoMm [lupara. Bo-nepBbix, 3aMeTumMm,
4TO pAM, onpenendaiomuii P,.(f) — abcoqOTHO CXOJANUNCA B BbI-
OpaHHoil Hamu obGaactu 0 < r < 1 paBHOMepHO Ha WHTEpPBa-
e 0 < r < rg, ecau g < 1, MOCKOJNBKY pA MO#HO CPaBHUTH
C reoMeTpHUYECKOil TlocaeqoBaTelbHOCThIO. IIpocThie TpUroHoMeT-
puuecKue To#iecTBa MoKkasbiBaloT, uTo P(r, ) BbipamaeTca Kak

1 1— 2
P(r, 0) = — .
(r; ) 2™ 1 — 2r cos O + r2

N3 sToro TomagecTBa MbI MO#eM IMPOBEPHUTH BbIINOJHEHHE
coiictBa DIR 1, mocKoibKy U 4YuCIUTelb, U 3HaMeHaTelb B
BhIIIENpYBEIeHHOM BbIpameHUn OGodablie audo paBHbl (. Hefict-
BUTEJIbHO, 3HaMeHaTellb MPUHUMAaeT HauMeHblllee 3HaueHUe IpU
cosf = 1, B 3ToM ciyuyae 3HaMmeHaTeab pased (1 — r)2.

Tenepb mnokasxem, uTo cBoiicTBo DIR 2 Toke BbINoJHEHO.
[Mpoauddepennupyem nounedto pan aad P(r, §) u Bocnoab3yem-
CA TEeMHU e 3HaUueHUAMHU, KOTOpPbIe MbI MOJYYMJIN NPU U3YYEHUU
pAgoB Pypbe, a UMEHHO

Us

: 2w, ecaun =0
in@ _ 9 ’
/6 40 = {O, ecau n # 0.

—T

N3 sToro ciemyeT, UTO TOJbKO MHTerpal cjaraemMoro ¢ WHJEK-
coMm n = ( gaeT HeHyleBylO N06aBKYy K UHTerpaiy pfna, U MbI
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MoJIy UM, UTO
™

/P,.(H) 9 =1.

—T

JT1o nokasniBaeT cBoiictBo DIR 2.
U, naxonen, nokaseM, uto {P,} ynoBieTBopsAeT cBoiicTBY
DIR 3. Ilpu |A| > § > 0 BbIIOIHEHO HEPABEHCTBO

1 < 1
1—2rcos@+7r2  1—2rcosd + r?

Hcenenya npousBogHylo BbIpameHua 1 — 27 cosd + r2, Mbl
MOJy4YUM, YTO MUHUMYM 3HaMeHaTelf B MpaBoil 4acTH JOCTUTa-
eTcA mpu r = cosd. MUHUMaNbHOe 3HaueHe 3HaMeHaTelfl PaBHO
1 — (cos §)2. CienoBaTenbHO, 1po6kH

1
1—2rcosf + r?

Kak QyHKIUA OT r paBHOMepHO orpanuyeHa. CiegoBaTelnbHO,

. 1—r2
lim =0,
r—11 — 2rcosf + r?

¥ BBINOJAHAETCA paBHOMepHO mpu |f| > 6 > 0. CremoBarenbHo,
CYIeCTBYeT Ty Takoe, 4TO NpHU g < 7 < 1 BBHINOJIHEHO

/ P.(6) df < e.
N
JTo noKa3biBaeT, 4To ceMelicTBO {P,} ynoBieTBOpAeT CBOWUCTBY
DIR 3 u, caiengoBaTtenbHo, ABNAeTcA ceMeiicTBOM /[lnpaka.

Kark cineagctBue u3 obmieii TeopeMbl 00 anlnpoKcUMalUd MbI
MOJIy YaeM:

Teopema Ilyaccona o6 annmporcumauuu. Ilycms f —
nepuoduieckan KycoiHo-Henpepvlenan Pynryusi. Tozoa

P« f

cxodumcsa k¥ f npu r — 1 pasHomepHOo HA AOO6OM KOMNAKITHOM
MHOYMcecmee, 20e [ — HenpepovleHAA.
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Manee ormeTuM, uTo B nnpumMepe IlyaccoHa ucnoib3yeTcA Ao-
MoJIHUTEeJbHAA CTPYKTypa, a UMeHHO OuddepeHinaibHOe ypaB-
HeHHe B YacTHBIX NpPou3BOAHLIX. HauHeM ¢ HeCKOAbKUX 0OIIUX
3aMeudaHuil o guddepeHIMpOBaHNYN HHTerpajla CBepTKHU

@*ﬁ@ﬁz/g@—wﬂﬂﬁ,

rie g — GeckoHeuHo Auddepennupyemad ¢yHKIUA. Mbl MoxeM
3aHuMaThbcA AU depeHIMPOBaHUEM B Kaxi/JI0M U3 cllyvyaeB, Ha Be-
mecTBeHHOH npAMoil R wian Ha wMHTepBale [—7, 7|, ecliu UMeeM
aejyo ¢ nepuoarvyeckumMu @yHrknuaMu. Ha BeljecTBeHHON npAMOi
Mbl [OJMHbI MpeanojaraTb, YTO paccMaTpuBaeMble HWHTErpalbl

abcomoTHO cxopaTcda. Ilyers D oGo3HauyaeT NpPOU3BOAHYIO, KO-
d
dx’
Torga npyu NOAXOAALIMX YCIOBUAX abCOJIOTHON CXOAMMOCTH MbI
MoeM Aud@epeHnrpoBaTh 0] 3HAKOM MHTerpajla U IOJYy4uM

bopmyiay

TOpad Mpyu BbIIEOIIMCAHHOM BbIGOpe IepeMeHHbIX paBHa D =

D(gx* f) = (Dg) * f,

HJIN B TepMHHaAXx HepeMeHHOﬁ I

A [ow-vs0 it = [ L0500

IloBTOpHOE AudepeHnipoBaHre JaeT AJA KamAoro Iejoro 4uc-
a1am

D™(gx f) = (D™g) * f,

MpU MOAXOOANUX yCIOBUAX abCOMIOTHON CXOAUMOCTH.
[Ipumenum Bce 310 K QyHkuuu P(r, §). O603Hauum yepes A
onepamop Jlanaaca, KOTopbIii B IPAMOYTOJbHBIX KOOpAHWHATaX pa-

BEH
a= () +(5)
ox Jy
B nmeiicTBUTENLHOCTH HaM HYKHO BhIpajeHue A olepaTopa
Jlannaca B nmoaApHbIX KoopauHaTax. KTo 3HaeT 3To BhipameHue?
[Hem omeemos.

5| Bcerjga dagaro 9TOoT BOIIPpOC Ha MOHUX JIEeKIOUAX, 1 HUKTO He
3HaeT oTBeTa. HeT HMKaKux OTJII/IUII/Iﬁ, IIPOUCXOOUT JU I3TO 3€Chb
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Uiy rae-Hubyab eme. B meficTBUTENbHOCTH A TOe He 3HAN OTBe-
Ta, IOKa MHe He NPUIIJIOCh IpenojaBaTh MaTeMaTHUUeCcKHil aHa-
nu3. B no6oM ciayuae oTBeT ciefyonui

2 2 2
A= (2) 2 L(2) 4 L(2Y
or T\ or r2 \ 00
BriBoz 3TOro BhIpaseHua ABIAeTCA IPOCTLIM yIpamHeHueM, Ipu

HCIMOJb30BaHUN BbIpameHuit x = rcosf, y = sinf u uemHoro

nmpaBuia. 3aTeM Bbl MomeTe Auddepennupoath paa aiaa P(r, 6)

ITIOYJI€EHHO C @ nin i N IIOBTOPAA 9THU 4YaCTHLIE IIPON3BOJHbIE,

or 00’
MOy YUTE

(AP)(r, 6) = 0.

To, uro mouneHHoe AuddepeHpoOBaHNe ABIAETCH 3aKOHHBIM,
ciregyeT U3 dakTa, 4YTO PAJ U €ro yacTHble NMPOU3BOJHbIE paB-
HOMEPHO abcodIoTHO cxofAaTcA npu r B npefenax 0 < r < rg < 1
0Jid Bcex 6.

Beckoneuno auddepennupyemana GyHKIUA f, yAOBIeTBOPA-
foman ypaBHenuio A f = 0, Ha3bIBaeTcA 2apMmoHuieckoll. Berpasne-
HUe 1A cBepTku P, * f Ha uHTepBane [—m, m| MbI MoeM dub-
¢epeHIIMpOBAThL MOJ 3HAKOM HHTerpajia u Mo3TOMY

A(P x f)(r, 6) = A / P(r, 6 — t)f(t) dt =

T

_ /(AP)(r, 6 — t)£(t)dt = 0.

—T7r

CnegoBatenbHo, P x f — rapMoHundeckaa GyHKIHUA.
BoimenpuBesieHHble BBIUMCIEHUA HaXOOAT MPUJIOMEHUE BO
Bceil MaTeMaTHKe U JpyTux obgacTaAx. Pu3nKku 0coO€HHO 3auHTe-
pecoBaHbl B rapMOHMUYEeCKUX QYHKIUAX U B TOM, UTO Ha3bIBaeTCA
pellleHHeM KpaeBoii 3aJauu Ha OKpy#mHOCTH. IIpeamonomum, 4To
3ajlaHa HenpepbIBHAA GYHKIMA Ha OKPY#HOCTHU, KOTOpPanA ABJIAET-
cA rpaHuieii kpyra paguyca 1, ¢ IeHTpoM B Hauajle KOOpIMHAT.
[MosTomy ¢yHKUMIO f MO#HO paccMaTpuBaTh Kak ¢yHKuMIO f(6)
OT nmepeMeHHO# f, paccMaTpuBaeMoii Kak OObIUHBIH yroa. ®usu-
KHU XOTAT HaiiTu rapMoHudeckyio pyHkuuio F' Ha Bcem Kpyre D,
Taryw, uTo ¢yHkuua F(r, ) ¢ 0 < r < 1 npoponkaeTcd M0
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HelpepLIBHON GYHKIMM Ha 3aMKHYTOM Kpyre U HMeeT 3aJaHHOe
3HaueHue f(f) Ha rpaHuile, TaKk, YTOGLI

lim F(r, 6) = f(6)

npu KamaoM 6. Tenepb MbI Mo:keM pelIuThb 3Ty 3agavy. O6o3Ha-
YUM

F(r,0)=(P-xf)0) =(Px* f)(r,0) nna 6 € R.
Ilo cBoiictBy DIR 3 mbI 3HAaeMm, uTo

lim (P * f)(r, ) = f(6),

r—1

[losTomy F' uMeeT HempepbIBHOe I'paHU4YHOe 3HaveHue f(6) mnd
Kamgoro 6. Bonee Toro, Me1 Bugenu, uro AF' = () Bo BHyTpeHHOC-
THU AWCKa, Mo3ToMy F' — rapmMoHuuyeckad, Kak TpebGoBajocCh.

I'apMoHnuyeckre GyHKIIMY Ha BepXHel
MMOJYIIJIOCKOCTU

BepxHAA MONYMIOCKOCTb COCTOUT U3 BCEX TOUEK (&, y) € R?
C Ipou3BOJbHBIM x U y > 0. MbI npexacraBum ceMeiictBo /Iupa-
Ka, paclojio;KeHHOe B BepXHeil MOoIyIJI0CKOCTH, I'paHuIla KOTOPOId
cocTouT u3 npaAaMoii tuHuu y = 0. IlloaToMy MbI onipeenum cemetl-
cmeo Jupara {K,} Ha R ¢ y > 0 kak u paHblle, 3a UCKIIOYeHHEM
Toro, 4to y — 0 BMmecto r — 1. IIpuBenem npumep.

O6o03HaUUM

K,(x) = %% npu y — 0.
Tt +y

Bce ¢yuruun K, > 0 u mpocrad 3ameHa IepeMEHHBIX IOKa3bl-
BaeT, 4To cBoiicTBo DIR 2 BrimonnaeTrcA. Takxe npocras oneHKa
noKasbiBaeT, uTo BbinojHAeTcA U cBoiicTBo DIR 3. OcTaBuM npo-
BEPKY BaM Ha caMOCTOATEIbHYIO paboTy.

O6mana TeopeMa 00 ammpokcumalnuu AiA cemeiicTB [Iupa-
Ka TOBOPUT HaM, UTO JJA KaxJoil HelpephbIBHON OrpaHUYEHHOH
¢yuknuu f Ha R cBepTKa

(Ky * f)(x)

CXOOUTCH R f(ZE) pPaBHOMEPHO 110 & B KOMIIAKTHOM MHO:KeCTBe.
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MbI moay4yuM Ty e JOMOJHUTENbHYIO CTPYKTYPY, Kak AJjd
cemeiicTBa Ilyaccona. 3mech MbI Ucnonb3yem omnepaTop Jlanaaca B
MPAMOYTOJbHBIX KOOpAUHATAaX

2 2
A= (52) +(35)
or + Oy
[IpocToe auddepeHnUpoBaHUe IOKa3bIBAeT, UTO (QYHKIUA
(x, y) = K,(x) ynoBieTBopseT ypaBHeHuo Jlaniaca, T.e.

AK =0.

Ipyrumu cinoBamu, K — rapMoHundeckafd (yHKIUA HaA BepXHeit
nonaymiaockocTu. Iuddepennupyda nog 3HakoM HHTerpalja, Tak:ke,
KaKk B MpeabIayliieM IpuMepe, Mbl IPUXOJAUM K 3aKJIIOUYEHHUIO, UTO
cBepTka K x f — rapMoHu4yecKkas nmpu 11060l orpaHUUYeHHOH He-
npepbiBHOIT ¢pyHKnuM f. [loaToMy MbI goKasanu cileaylomuii pe-
3yJIbTaT:

Teopema. Ilycmov f — oepanuvennas HenpepvleHas GyHk-
yusa Ha seujecmeenHol ocu. Onpedeaum

= (K, * f)(z) = = J .
F(a, ) = (Ky + P)w) = & / L

Toeda F' — zapmoHuveckas Ha 6eprHell noayniockocmu, m.e.
AF = 0 Ha sepxHell noayniockocmu u

lim F(z, y) = f(z) 0daa Vx €R.
y—0

B Teopeme roBoputca, 4To 3amaHHad GyHRHUA [ ABIAeTcA
rpaHUYHbIM 3HaUYeHHEM rapMoHHUYecKoil ¢yHKIUU F' B BepXHeil
MOJYIJIOCKOCTH, TAKUM 06pa3oM, Mbl AIBHO NMOCTPOUIU FrapMOHU-
YeCKylo QYHKIMIO ¢ 3aJaHHbIM I'PaHUUHbIM 3HAYEHHUEM.

[IpuATHO MONYYUTh HE3aBUCUMYIO KOHCTPYKIMIO B JaHHOM
cly4yae, HO eclii Bbl U3yUYUIU KypC KOMIIJIEKCHOIO aHaliu3a, BaM
HOJ#HO ObITh U3BECTHO, UTO KPYT U BEpPXHAA NOJNYIJIOCKOCTh aHa-
auTUu4decku usomopdHsl. [leficTBUTeNbLHO, 0OTOOpameHne

zZ— 1

Z — "
zZ+1
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MoKa3biBaeT aHaAUTUYeCKUiT 130MOphU3M BepXHeil MoaymiocKoc-
Tu ¢ Kpyrom. Torga cemeiicTBo IlyaccoHa B npeapigyieM npuMe-
pe cooTBeTcTBYyeT ceMeiicTBy K (x, y) mpu 3ToM u3oMopdu3Me.
Xopomum ynpaxHeHueM O6yJeT IpoBepKka 3TOT0 yTBep:#IeHUd Ha
Kypce KOMILIEKCHOTO aHalu3a.

TemnioBoii ICTOUHUK Ha BeIlleCTBEHHOM
MPAMOM

Mb1 cobupaeMeA NMpuBecTH OAWH U3 Haubojiee BauHbIX MPU-
MepoB ceMeiicTB [Iupaka, MokeT ObITh, caMblii BaKHbIIl NpU-
Mep. B aTom maparpade 6yaem HcIodb30oBaTh IepeMeHHkbIe ¢, x,
npu t > 0, t — 0. Takum obpasom, cemeiicTBo [Iupaka — 310 ce-
MeiicTBo HenpepbiBHbIX pyHKIuil {K;} Ha R, uHOeKcupoBaHHOE
BellleCTBEHHBIMU MOJOMUTEIbHBIMU YHUCAAMU ¢ U YIOBI€TBOPAIO-
lmee cjleqyOUIUM CBOHiCcTBaM:

DIR 1. K; > 0 npu Bcex t > 0.
DIR 2. [ Ki(z)dxz =1 npu Bcex ¢ > 0.
R

DIR 3. Ilpu 3amanHbIX € U J cyiecTByeT ty > () Takoe, UTO
ecau t < tg, TOrma

/ Ki(x) dx < €.

|| >0

Mbl Takse GyaeMm ucnofib3oBaTh o6o3Hauenue Ki(x) = K(t, x).
O6miasa TeopeMa 06 annpokcumanuu aisa ceMeiictBa Iupaxa {K;}
BepHa U yTBep:#aaeT, YTo:

Ilycmy f — oepanuvennas gynryua na R, KycouHo-Henpe-
puleHas Ha Kaxcdom koweuHom unmepease. Toeda (Ki * f)(x) cxo-
dumca pasHomepno k f(x) npu t — 0 Ha Kaidom KomMnarmuom
nodmHoxcecmee, Ha Komopom f HenpepvleHa, Uil HA A1060M TOO-
MHOMNcecmee, HA Komopom f pasHomMepHO HenpepbleHd.

Teopema. Ilycmov nput > 0

Ky(z) = K(t, z) = \/%6_“’2/‘“ dz.

Tozda {K:} — cemeiicmeo Aupaka.
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[IpoBepka akcuoM He mpeacTaBiafdeT MpobdaeMbl. [1ad cBoiicT-
Ba DIR 1 oueBunHo, uto K (¢, ) > 0 npu Bcex ¢, . [lna cBoiicTBa
DIR 2 Ham Hy#KHO J0Kas3aTb, YTO

/K(t, x)dx:/ 1 o—o®/4t 4o — 1.

VAt

2
CoenaeM 3aMeHY IepeMeHHBIX y? = £, mosTomy y = i\/_
21

=

= d—j_ 3aTeM HaM HYMHO HCIIOJNb30BaThb CTaHJgapTHOe 3Ha4YeHHue
2yt

M3 MHTerpajlbHOoro uCHucijieomud, a UMeHHO

7dy:

oo
a2
/ eV dy =/,
— 00
1 nosy4daem cBoiictBo DIR 2.
CsoiictBo DIR 3 Tak:e Hec/l0#£HO J0Ka3aTh, HAM JHUIIb HYH-

HO NIPOBECTH HEKOTOpbIe OIleHKH. 3afaHbl €, §, HAM HYMHO JOKa-
3aTh, UTO MpH t, JOCTATOUYHO OJIU3KOM K HYIIO:

1 / —a32/4t
—— J e dr < e. *
N J (*)

llenaem 3aMeHy MepeMeHHBIX = 2v/ty, Kak u Bbime. Toraa ome-
HUBaeMblii UHTerpai (%) cTaHOBUTCA

oxo
/ eV’ dy.
3/(2Vt)
[lpu t — 0 HUMHUNE Opedes WHTerpUpoBaHUA % CTpeMUTCH
t

K 6€CKOHEUHOCTHU U, MOCKOJIbKY,

0,9]

/ eV’ dy

— o0
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KOHEeUYeH, TO
00

lim [ eV dy = 0,
A—o0
A

yTo U OokasbsiBaeT cBoiictBo DIR 3.

®Oyurnusa (¢, ) — K(t, r) Ha3pIBaeTCA MeNL06bLM UCTIOYHU-
kom Ha R. TepMuHoJIOTUA NIpUIILIa U3 GUUKHU, U MOMKHO TIPEIN0N0-
MUTh, YTO OHA UMeeT KaKoe-TO OTHOIIEeHUEe K TelI0NpPOBOIHOCTH
(4TO BO3MOKHO), HO ¢ Hamieil Touku 3penusa K (t, x) — mpocto
BaKHBIN NpuMep ceMeiicTB /lupaka, KOTOPbIil BO3HMKAeT IOBCIO-
1y, UMeEeT JIU TO OTHOILIeHUEe K TeMJIONPOBOJHOCTH UJIM HET.

Taxse cylecTByeT CTPYKTypa maiAa auddepeHinaibHo-
ro ypaBHenusa. Onpegenum nuddepenunanbupiii onepatop H

Ha Rt x R: 9\ 5
Hie = ~(5z) * ¢

Msb1 6ynem HasweiBaTh H onepamopom menaonposodnocmu.

Teopema. Ten.rosoll ucmoiHuk yodosiemeopaem YpasHeHUIO
men.aonposodHocmu, m. e.

HK =0,
UAl 8 MepMUHAT NepPeMEeHHbLT

H, K (t, z) = 0.

YTob6bl yBHUIETb 3TO, OCTaBaiiTeCh XJIaJHOKPOBHBIMH, CIIO-
KOHBIMU U cobpaHHbIMU. [IpoguddepenuupyiiTe qBamAbl 10 T
U oJuH pa3 no t. Bbl moimy4yuTe TO #e camoe 3HaUeHUE, €CIU BbI
He cjellaeTe OMIMOOK B BbIUMCIEHUAX, KOTOpPbIE A YAaCTO Jejalo.
Ilocne BbiunTanuA Bbl noayuute (.

IudpepenupoBanue MojJ 3HakoM HMHTerpaja NpUBOAUT K:

CaenctBue. Ilycmov f — o2panuveHHas HenpepovleHAA PYHEK-
yua Ha R. ycmo

F(t, x) = (K¢ * f)().

Toeda HF = 0, m.e. F' ydosaemsopaem ypasHeHuo menionpo-
sodHocmu.
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JTo JUIllb YacTHbIH ciyyaii obieit Bo3MoxHOCTH IUuddepeH-
IIMpOBaHUA CBEPTKM I0J 3HAKOM HHTerpaia, T.e.

D(gx* f) = (Dg) * f

Mpu ycJoBUU abCOMIOTHON CXOAMMOCTHU. JTH YCJIOBUA 3[€Cb BbI-
TMOJHEHBI.

Takum o6pa3oMm, Mbl BUJUM, UTO HaM y[ajloch PellUThb Kpa-
eBYylO 3aJauyy Ha BepXHell MOJYIIOCKOCTHU, C JaHHBIM KpaeBbIM
3HaveHneM f 1JA omepaTopa TeIIONPOBOAHOCTH, a He [JiA omepa-
Topa Jlannaca, ¢ KOTOpPEIM MbI BCTpeUYaluCh paHblie. Y TBep#aa-
eTcA, uTo K ABadeTcA yHoameHmarbHblM peuleHueM YPaBHEHUA
TeNJIoNPOBOAHOCTHU, MOCKOJIbKY cBepTKa ¢ K Mo3BoJiAeT NOAYyUYUTh
pelileHle YpaBHeHUA TEMJIONPOBOJHOCTH ¢ 3aJaHHBIMU KpaeBbIMU
YCIOBUAMU.

PaGorath Ha R™ He cioxuee, yem Ha R. Hcnonbsysa n-mep-
HYIO BEpCHUIO:

KR () = KR"(t. 2) = 1 —x?/4t
14 (w) ( ’ 3}') (47rt)"’/2 € ’
rae £ = (1, ..., &) — 3TO N-Ka U3 BellleCTBEHHLIX YHUcel, U

2
rTr=r-r=r]+...+ T,

o6bIYHOE CKalfipHOE Mpou3BelleHHe x ¢ caMuM coboii. [IpoBepka

Toro, 4to BeinosnHAOTcA Tpu yciaoBusa DIR 1, DIR 2 u DIR 3, saB-

JaAeTcA TeXHUYecKoil onepanueii, B TOUHOCTH, KaK B OJHOMEPHOM

cryyae. He 3amyTaiiTech, BbIUMCIAA YacTHbIE IPOU3BO/HbIE.
Onepatop TemnonpoBogHocT Ha R™ Torga Gyger

_ 9
Ht,:c — Am + 815,

sz(a%)2+...+(8i%)2

onepatop Jlanaaca. OHu npuMeHAOTCA K GYHKIIUU

rae

F(t,x) =F(t, x1, ..., Typ)-
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TenaoBoit MICTOUHUK Ha OKPY#HOCTU

Tare, Kak MbI paccMaTpuBalu Nepuoauveckue GyHKIUU
npu obOcysmaeHuu paaoB @Dypbe, paccMOTPUM MepuOAUYECKUE
(GYHKIUMU B CBA3U C TeIJIOBbIM MCTOUYHMKOM. Takum obGpasom,
Mbl XOTUM HaillTU cemeiicTBO [Jupaka [OiA nepuoguyecKux QpyHK-
1, yOBJIeTBOPAIONIMX ypaBHeHUIO TemionpoBogHocTu. Onepa-
TOpP TEIJONPOBOAHOCTH TOT e caMblii, uTo U Ha R. Ham HyHO
ceMeiicTBo {K;} nepuoauueckux ¢yHKIM

K(t, x) = K¢(x), ynonerBopawmux K(t, z+2xw)= K(t, )

U CIeIYIOUIUM TPeM YCJIOBUAM:
DIR 1. K; > 0 npu Bcex t > 0.

2w
DIR 2. [ K{(z)dz =1 npu Bcex ¢ > 0.
0

DIR 3. Ilpu 3apannbix €, 6 mexay 0 u 1, cymectByert ¢,
0 <tp <1, Takoe, uto npu 0 < t < ty BBINOJHEHO

—0 iy
_/ﬁ Ky(z) dz + /Kt(x) iz < c.

JlomonHUTENBbHO, €Cld Mbl 0003HaYNM
2
_ 0 0
H=-(—~) ++,
ox ot
TOrla MBI Tak#e XOTHUM, uToObl K yIOBIETBOPAIO ypPaBHEHUIO
B YaCTHBIX [POU3BOJHBIX:

HK = 0.

UTo6bl oTAUYATH TaKkue nepuoguueckue GpyHKIUM K OT Hemepuo-
audecKUX QYHRKIUH IJIA TENJ0BbIX UCTOYHUKOB Ha R, MbI 6yaem
sanucbiBaTh K 1A TemIoBbIX UCTOYHUKOB Ha R, T.e.

K¥(z) = —_iﬂte‘$2/4t.

EcTecTBeHHbIiI MOAX0J K IMOCTPOEHHUIO MEPUOAUYECKOT'0 pe-
IeHUA B Hallleil 3ajaye — 3TO MepUoaAn3aluA HelepHuoIuueCcKoro
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pemienuAa Ha R. [foaTomy MbI onpefenum

K5(t, x) = i K®(t, o +2mn) =Y K®(t, x+2mn). (1)
- nez

Bepxuuii uagekc S ob6o3HavaeT okpy#HocTh. CTangapTHoe 060-
3HauYeHue IeJbIX 4Yhcesa Z U cyMMa OepeTcs M0 BCceM IeJbIM UMC-
aaM n € 7.

[Ipu rammom 3Hayenuu ¢t > 0, unensl paga (1) sKcmoHeHIU-
albHO yOLIBAIOT, IO3TOMY PAJ CXOOUTCA 0YeHb GbicTpo. OcTaBUM
BaM BBINUCATL Bce JeTalHu.

Torpga ciregyet, 4TO KS(t, x) — mepuoguyecKas, T.e.

K5(t, « +2n) = K°(t, x)
npu Bcex t > 0 u x € R.

Teopema. OPyuruua K° onpedeasem cemeiicmeo Jupara
nepuoduieckur Pynryull u ydosiemeopsem YpasHeHU MENAONPO-

sodnocmu HKS = 0.

HOKA3ATEJIBLCTBO.

YcaoBue nodgoxutenabHoctu DIR 1, oueBuaHO, BhINOJAHAETCA
oa;ie B OOBIYHONM cTporoit ¢popme Ks(t, x) > 0 npu Beex t, x
(cTporafd MoJOMUTENbHOCTD).

Ina mnpoBepku cBoiictBa DIR 2 ™Mbl cBoaguM WuHTerparn
Haj [0, 27| kK unterpany Hag R. Mb1 nonyuaem

(z+27n)>

27
K5(t, x dx:/ 1 e 4 dx=
/ (¢, @) \/47rth€:Z

Takum o6pa3oMm, Mbl cBeiu cBoiicTBo DIR 2 Ha okpysHocTHU
k cBoiicTBy DIR 2 mas TemioBoro mcTouHuka KN Ha mpAMoi,
MHTerpajl oT KOTOPOro, Kak MbI y#e BHUe/lH, paBeH 1.
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Ocrtanoch nokasath cBoiictBo DIR 3. MBI cHOBa cBoJIUM 3TO
CBOIICTBO K COOTBETCTBYIOLIeMYy cBoiicTBy KX Ha mpsAMoii. Mbl
JOJI;KHBI IOKA3aTh, YTO HHTErpai oT KtS Ha UHTepBaie [§, 7| cTpe-
MutcA K 0, korgat — 0. UTo6b1 cienaThb 3To, Mbl CHOBa IOMeHAEM
MecTaMU CyMMY U MHTerpaji, a UMeHHO

1 o (z+27n)?
Ze i dx =

= 0o 2w (n+1) 00
_ 1 / —y? /4t / R
= Z e dy < [ K*(t, x) dy.
n=o Vit 5+2mn 5

Ilo cBoiictBy DIR 3 naa TeminoBoro ncTouHuka Ha R, MbI 3HaeM,
yTOo cyuiecTByeT tg, 0 < ty < 1, Takoe, UTO 3TO MOCIeJHEeEe BbI-
pa:xenue npu 0 < t < t, oka3piBaeTcA MeHbIe €. AHAJIOTMYHBIM
apryMeHT JI0Ka3bIBaeT HEPaBEHCTBO 1A uHTepBana [—m, —J]. Ta-
KUM obOpa3oMm, MbI Jokasaau cBoiicTtBo DIR 3 nasa K“.

N, narkoHer, paccMoTpuM IuddepeHlIHalbHOE ypaBHEHUE.
CxoauMOCThb MepuoJUuYecKoro pAaja

Ze

AABJAeTCA JOCTaTO4YHO 6bICTpOﬁ OJA TOro, 4yTOOBI MBI MOIJHU IO-

d 0

yjeHHO npoguddepeHIMPOBAThL U B ClyYae C =- U B cilIyyae ¢ —— 3
T

ot

2
41 (g) . Ho eciii ¢ — IIPOU3BOJIbHAA KOHCTAHTa u f YAOBJETBO-
T

pAeT ypaBHEHUIO TEIMJIONPOBOAHOCTH, T. €.

a:+27rn)

H;.f(t,z) =0 nznaBcex t,x,

Torjga @yHKUUA g, olpejieideMas Kak

g(t, x) = f(t, © +¢)

TaK;ie yIoBJleTBopAeT ypaBHeHHo. ClenoBaTelbHO, KamJoe cla-
raeMoe
1 (x+27n)?
fo(t, x) = e 4t
VAt
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yaoBleTBopAeT ypaBHeHHIo TemaonpoBoanoctu Hf, = 0. Cneno-
BaTedbHo, HK® = 0, kKak u Tpe6oBaloch 0Ka3aTh.
3aTeM Mbl YCTAaHOBHM COOTHOIIEHHE MeMJIy CBEPTKOH Ha

OKPY#HOCTH (T.e. IJA MepUoanvYecKuX QYHKIUI) U CBEPTKOI Ha
BelllecTBeHHOI npAMoii. Ha okpy#HOCTH cBepTKa 3agaeTca ¢op-
MYJIO#

27

[ ge) = / fw)ele —y) dy,

0

A nepuoauueckux pyurnuit f, g ¢ mepuomom 27. Illycts f —
nepuoarnyeckad. Toraa

K? x f(x) /KS —y)dy =

[ - (y+27n)?
= e #  fla-yldy=
O/nze:Z vart ( )

(u3-3a HepI/IO,III/I‘IHOCTI/I) f

oY/t du.
\/H f(z —y)dy

Takum o06pa3oM, Mbl NOJYyYUJIU COOTHOIIEHUE MeAy CBEPTKOM
Ha OKPY#HOCTU U cBepTKoi Ha R. MbI MoeM MOABITOUTH BbI-
YUCJIEeHUA B TeOpeMe. [

Teopema. Ilycmv f — HenpepvisHaa nepuoduieckas PyHk-
uua nepuoda 2w. Tozda

K} * f(z) = Ky = f(x),
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ede 6 aeeoli wacmu ceepmrka Ha [0, 27w], a 6 npasoli — Ha
(_007 OO)

3amMeTbTe, 4TO popmyJa
HK°« f)=HK*)xf=0

TaKk#e MOMeT ObIThb InojiyueHa M3 3TOM MOocjeaHen TeOopeMEl.

Pane1r ®dypwe u unBepcusa Ilyaccona

Tar rak Kts — nepuoguueckad, y Hee ecTb pAg DPypbe, Ko-
TOpPBIH MoOsKeT ObITb Jerko BbluucieH. B geiicTBUTeENbHOCTH, Kf
OecroHeuHO qudPepeHnEpyeMa, Kak MOMHO NMPOBEPUTHh, nUdde-
PEHLUMPYA PAJ NOYWIEHHO U IMOKa3bIBafd, 4YTO NpoauddepeHupo-
BaHHbLINA pAA cXoqUuTcAH abCOMIOTHO U paBHOMEPHO Ha Ka#i[I0M orpa-
HuueHHoM uHTepBaie || < A. Ilo o6mum Teopemam o panax Dy-
pbe, pAa Pypbe oT KtS CXOOUTCA K DYHKUUHU Kf Craenytomasn
TeopeMa MOKa3bIBaeT HaM, Kakoi 3ToT pAaja Pypee.

Teopema. Pad Dypve daa Kts 3adaemca evlpaxceHuem
(z4+27n)?

1 4 . 1 —n?t_inz
\/mZe t =5 e e,

nezZ nez

JTOKA3ATEJILCTRO.
m-ii Koadodunuent Pyprbe onpenenseTcd MUHTErpajloM A
m € 7

2m (.'ch+27rn)2

/KS —zmxdw — Z e—imxdw —
\/47r

27r(n—|—1)

_ 1 / —y? /4t —imzx
= Z e e dy,
nez V 47t o

rge Mbl cAejajn IoOACTaHOBRY Yy = X 4+ 2m™n U BoOCIOJb30Ba-

nuck ™2™ = 1, [locleqHee BbIpasieHne ABIAeTCA PABHBIM

— 2 —.
e~ Y /4t6 zmydy.

1
VAt
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MbI caenanu moacTaHoBRY y = v/ 2tu, dy = v/2tdu u ucnoib3oBa-
JY cTaHJapTHoe 3HaUeHUe U3 MaTeMaTHUeCcKoro aHajlu3a, a UMeH-
HO

V2T

3aTeM Moy yaeM

%9
1 2 . .2
1 e u/26 Y L — e v/2.
—00

27

/Kf(:z:)e_im“’dx = e ™,
0

JdTo U AJORKRaa3biBaeT TeopeMy. [ |

JdTa TeopeMa mnoayueHa IlyaccoHoM u Ha3bIBaeTcA gdopmy.oil
uneepcuu Ilyaccona. OueHb BaHBIM YacTHBIN ciayuaii BOSHUKaeT
npu BeiGope = 0, Toraa e'™® cTaHoBUTCA euHULe. B aToM ciy-
yae MbI MOJYYUM TO, YTO U3BECTHO Kak dopmyaa cymmuposarus
Ilyaccona.

CiaencrtBue.

CymecTByeT MHOT'O HPUJIOMEHUN A 3Toi GopMyJbl B aHa-
nu3e U Teopuu uucen. Mpl cobupaeMcA NMPUBECTU OJHO U3 ATUX
MPUJIOKEeHUH HUMe, MoKa3aB, Kak PuMaH nokazan ¢yHKIIMOHATb-
Hoe ypaBHeHWe (-pyHKuuu. B anammze ¢popmyna maBepcuu Ily-
accoHa BO3HUKaeT B CIeKTpajibHoil Teopuu. [laA oyeHb obmiero
obcysienusa ¢opmyn uuBepcuu cM. [JoL 94].

Psan @ypbe TemnoBoro uCToOYHNKa UMeeT popmy, KoTopad UH-
TepecHa cama 1o cebe u HasbIBaeTcA f-pagoM. Mbl npuBegem xa-
paKkTepHbIe CBOicTBa TaKMX #-pANOB B OTAeNbHOM Haparpade.

O-pAnbl U cBepTKa

Haunem c pAga @ypbe TenjaoBOro MCTOUYHHKA Ha OKPY#HHOC-
tu. He 3HaA Hudero, Mbl MoieM omnpenenutsb 6-@ynryuio 04 (x)

4 C. Jleur
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(mpu ¢ € R u t > 0) ¢ momoubio pAaa

2 .
et(x) — % e~ " teznw.
n€EZ

PazyMeeTcs, nepuouyecKkuii TemnoBoi uctounuk K; pases #-pa-
1oy, HO HaM He HY#{HO 3HaTh 3TOr0 AJA TOro, YTO OyJleT MOJYyUYeHO
nanbiie. Mbl IpocTO HAUHEM C BbIIENPUBEJEHHOr0 oNpeaeleHu,
MO3TOMY apryMeHThI, JOKa3bIBalollile clelYyIOllyl0 TeopeMy ca-
MOJIOCTATOYHBI.

Teopema. ﬂ./lﬂ NnoAOIUMEABHBLY 6EULECINMBEHHbBLY HUcCen t, S
6blNOJHEHO COOIMHOoUleHue

9t * 93 = Ht—i-s'

IOKA3BATEJIBLCTBO.
Beime Mbl 3anucanu pAa and Oy;(x), a Tenephb 3amuilieM pAJ
C S BMecCTO 1,
1 —m2s i
0s(x :—Ze mosetmnt,
() 27

meE”Z

2 2
3-3a 6picTporo yopiBanua e ™ ¢t p e ™ ?
pareHueM

CBepTRa 3ajgaeTcCsa BbI-

60 04(2) = [ (o~ ). (v)dy =

27
1 2, 2 . _ .
— § : e nt6 msezn(az y)ezmydy:
0

(2m)*
2w
_ 1 inz  —(n?*t+m?s i(m—n
= @ Ze e )/e( Ydy.
m,n 0

O6bIuHbIE apryMeHThI IOKa3bIBalOT, UTO MOCJHEJHNII HUHTerpall pa-
BeH 0, eciu m # n, u paBeH 27, ecin m = n. CiaegoBaTelbHO,
TOJILKO YJIeHBI C M = M OCTAIOTCA B CyMMe, U MbI MOJYyYaeM

b % 0a(x) = - 271)2 Y et o — gy (),
nesz

4YTO N JORas3bliBaeT TeopemMy. [ |
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3AMEYAHUE. Pasymeercsa, mockoidbRy 6-QyHEIUA paBHa
TEIJIOBOMY HCTOUYHUKY, Ta e camMafd (QopMyla NpuMeHUMa
U K TeNJI0BOMY MUCTOUYHURY. [ pyrumu cioBamu,

S S _ S
Kt *Ktl -_— Kt+tl.

OnepaTop cBepTKU fABIAAETCA accollMaTUBHBLIM, T.e€. AJA TpeX
¢yuruuii h, g, f Mbl UMeeM

(hxg)x f=hx(gxf).

Bb1 MoseTe MpoBepUTh accolMaTHBHOCThL 3aMeHOi MmopAAKka WH-
TerpupoBaHud. [na ramgoro ¢ GpyHKIUA KtS MO3KeT paccMaTpu-
BaThCA KaK MHTerpaibHbIil ollepaTop

fr K7« f.

Torpa BeillenpuBeeHHasA GopMyJia CBEPTKHU KtS*Kﬁ e Kﬁrt, ro-
BOPUT BaM, UTO ollepaTop COCTAaBJICHHLIN U3 Kf " Kﬁ 3ajaercAa
CBEePTKOI ¢ KtSH,. [loaToMy roBopuTCAH, YTO MHOMKECTBO TEIJO-
BbIX HUCTOYHUKOB {Kts} ABJIAETCA MOJYI'PYIIION onepaTopoBs, I0-
CKOJbKY OHO 3aMKHYTO 10 KOMIIO3ULINU.

Tarkum o6pa3oM, MbI MOJYUYHUIU BCe OCHOBHbIE CBOWCTBA Tell-
JOBOTO MCTOYHMKA Ha BellleCTBEHHOH mpaAmoii. Eciu Bbl Oynaete
n3yyaThb MaTeMaTHKy, TO B JajlbHelIlIeM BbI OCO3HaeTe, YTO 3TU
CBOMCTBA ABIAIOTCA TUIIMYHBIMU B 0YeHb o0muUX cutyanuax. To,
YTO MbI Jellaliu, 3TO He ClIy4yaiHO, 3TO MPOTOTUIl A OOJAbLIIUX
U Jy4lllUX TEOpuu.

Hanbiie Mbl 0OcTaBUM M3YyUYeHUE TEeIJIOBOI'0O MCTOUHUKA U Tie-
perJaIoYrMcd Ha, Kasanochb Obl, COBEpIIEHHO OTIHUYHbIE aclek-
ThI O-pyHKIUIA.

dopmyiaa cymmupoBanuAa Ilyaccona u
dyHKIHOHaJbHOEe ypaBHeHHe (-QYyHKIHU

Onno u3 npuioxeHuit ¢opmyasl cymmupoBanua Ilyacco-
Ha — 3TO PMMAaHOBO [I0Ka3aTelbCTBO QYyHKIIMOHAILHOIO ypaBHe-
HUA (-GyHKIUH, KOTOpoe MbI ceiiuac npuBejaeM. CHauala MbI BBe-

aeM QpYHKIIHAIO
2
P(t) =) e,

nez
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KOoTOpad C TOYHOCTBbIO /10 3aMeHbl NepeMeHHbIX U MOCTOAHHOIO
MHOMUTeNA ABaAeTcA (-pyHKiueit. bojgee TouHo

Y(t) = 2wl(xt, 0).

Torga popmyna cymmupoBanud IlyaccoHa MoskeT ObITh 3anucaHa
B BHUJE

P(t™h) = V(). (1)

3ateM (-@PyHryua ( onpenendaeTca pAAOM

OEDIES

JTOT pAA cXxoguTcA abCOMIOTHO NPU BCeX BelleCTBEHHBbIX § > 1,
KaKk M3BeCTHO U3 Kypca MaTeMaTHU4eCKOoro aHajlnu3a U ¢ IOMOIIbIO
WHTerpajibHOro Tecta. Bl Tak:e MoeTe B3ATb KOMILIEKCHOE S
c Re(s) > 1, ecau BbI 3HAaeTe 0 KOMILUIEKCHBIX uuciaax. Takke
CXOAMMOCTD ABJIAETCA PAaBHOMEpPHOH IpH

Re(s) > ¢ > 1.

Ho MbI Mo#eM paccMaTpuBaTh TOJNLKO BellleCTBEHHBIE S, eClI BaM
3TOr0 XoueTcA. 3ajJaya 3aKjiovyaeTcA B TOM, UTOObI IOJYyUYUThH BhI-
paxenue nidA ((s), KoTopoe Obl CXOOUIOCH TIPU BCeX 3HAUEHUAX §
C eJMHCTBEHHO BO3MOMHBIMU HCKJIIOUeHUAMU B s = 0 u s = 1.
JTo To, uTO clenal PumaH, u Mbl OyJeM clleloBaTh paccy/je-
HuAM Pumana. B qokasaTenbcTBe HCHONb3yeTCA TaK Ha3bIBaeMoe
npeobpasosanue Meaauna Mg nogxoadueil pyHKUUU g, onpe[e-

jJAeMoe KRaRn
o0

dt
Mg)(s) = [ st %,
0
Tarmse npu s > 1 BBelileM QyHRIUIO

F(s) =m0 (£)¢(s),
rae ZCL.M.MCI-ﬁyH}ClLUH olipegeldeTcAa 0OBLIYHBIM HHTerpajioM

['(s) = /e_tts %

0
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Teopema Pumana. @yuruyus F' svipaxcaemcsa anaiumuyec-
ku npu ecex s 7 0, 1 u ydosaemeopsem ypasHeHuO

F(s) = F(1 - s).

OKA3ATEJIBLCTBO.
Onpenenum QyHKIUIO

g(t) =3 e = 2(p(t) - 1) (2)
2g(t) = (1) -1
Torna

Mg)(3) = [ s
0
Jlemma. Buwinoaneno pasencmeo

(Mg)(%) = F(s) npu s>1.

HOKA3ATEJILCTBO.
IlogcTaBUM paAx ana g(t) U NOMeHfAeM NOopPAJOK CYMMUpPOBa-
HUA U UHTerpupoBaHud. Ilonyuyum

——, T.e. u = n’wt, du =
n m

CoenaemM 3aMeHY NepeMeHHBIX t +—>

= n2xr dt. Torna

4UTO JOKa3bIBaeT JeMMY. [ |



102 Teopemvl anaauza 06 aAnnNPoOKCUMAUUL

L]

2) Ha aBa HUH-

3aTeM pasnouM HHTerpan MennuHa (Mg)(
Terpana

(e

caenaB npeobpasoBaHue t —> 1 Ucnoan3ysa (2), momyuum

t

g(3) =2 (v -1) = Ivipw) - & = Vie) + 1vi- 1.

).

HO,HCT&IBJIHH ITO 3Ha4YeHHne B HMHTerpal, conepmamnﬁ g(

o | =

¥ MpUHUMasA Bo BHUMaHue, uto F'(s) = (Mg) (%), MOy YUM

"
VN
w
N—
Il

[
W | =

o0

—l—/g(t)(ts/z +t(1—8>/2)%.
1

HepBbIe ABa cjlaraeMbIX I10JYy4darloTCA IIPAMBIM UHTEIr'pUupoBa-
HHUEeM U IIpUMEHeHHueM MaTeMaTHu4dYeCKOoI'o anajunaa. TeHepb 3aMe-
THM, 4YTO HHTerpalbHOE cjlaraeMoe BepHO IJA BCeX 3HayYeHUun S,
a 1epBble Ba cjllaracMbiX UMEIOT 0coO0eHHOCTH IIpHU § = lus= 0,
HO B APYTHUX cilyuvasfX ABIAIOTCA NPeKpacHbIMU IPOCTbIMU (yHHK-
nuaMu. Bonee Toro, npu 3aMene s Ha 1 — s 1 06paTHO, BhIpaseHue
11
s—1 s
oCTaeTcd HEeM3MEHHBbIM KM TaKMxe OocCTaeTCA HEeM3MEHHLIM BbIpa-
MeHHre 110 3HaKOM HHTerpailla. 10 daBepiaeT aora3aTellbCTBO
GYHKIMOHAIbHOTO YpaBHEHUH. n

IHocTerpuntym. Ketatu, eciiu Bbl cefiuac BepHeTech K MOJ-
cuyeTaM MPOCThIX 4YHced U TUNoTe3e Pumana, Bbl yBUAUTE TY
e (-pyHKLUIO, KOTOpasd UCIoJb30Banach B 3ToM naparpade. I[Ipo-
HOJI;KUB aHAJIU3 HEMHOIO Janblile, PuMaH moiyuyusa ABHYO Gpopmy-
ny piaAa w(x) B TepMuUHaX Hynell 3Toil (-QyHRUUU. JKBUBAIEHT-
HOCTh MemIy rumnotesoit Pumana, kak MbI ee chopmyarupoBaln
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B TepMHHaX MojcUueToB, U TeM, Kak PumaH ee chopmyaupoBail,
ABJAETCA NMPAMBIM cllecTBUeM fiBHOU (popmyansi. Ho BhiBog AB-
Hoit opMYyJbl HAXOAUTCA BHE YPOBHA 3TUX Oece]l.

O-pyHKIMU U KOMILJIEKCHbIE
IBoAKomnepuoarueckre GyHKIUU

IIpocTo anA Toro, uTo6bI MOKa3aTh, KaKk pa3jelbl MaTeMaTu-
KU, KOTOpble Ha NepBbIfi B3riA] KamyTcA pa3iMuyHbIMU, Ha ca-
MOM Jelle cBfi3aHbl, A cobupaloch ceiiyac onmucaTb, KakuM 00-
pa3oM 6-pyHKIMY BO3HMKAIOT B Pa3liOMKEHUU OINpejeNeHHbIX TH-
OB KOMILIEKCHO-aHAIUTUUECKUX (YHKI[MI, Ha3bIBaeMbIX 3JIIUI-
TUYEeCKUMHU GYHKIUAMU. ITO pas3iioxKeHHe aHAlOTMYHO pa3iioe-
HUIO TMOJMHOMA Ha JMHelHble MHOMUTENN HajJd KOMILNIEKCHBIMU
yruciaamu. Ha Goiiee riy60KoM ypoBHE 3TO aHAJOTUUYHO pasJfoe-
HUIO TOJOMUTEJIbHOr0 1eJIoro 4Yucia Ha npocThble uuciaa. Ho mpo-
ABJIeHHe 3TUX aHajoruit TpedyeT Bce Hoiibllle U 60Jblile MPOCTPaH-
CTBa U BpeMeHH, 1 HaM NPHUJIETCA I'le-TO OCTaHOBUTbLCA, IO3TOMY
MbI OCTAHOBHUMCH II0CJI€ 3TOr0 00CYHAEHHUA.

Ramapiit 3HaeT nepuognueckue GyHKIUM CUHYC M KOCHUHYC,
KOTOpble CBA3aHbl C TeoMeTpuelt oKkpyxHocTU. BHe 3Toli reomer-
puM, Kak Bbl 3HaeTe U3 Kypca auddepeHnralbHbIX YpaBHEHHUI,
OHU yJOBJeTBOPAIT AuddepeHIIMalbHOMY yYPaBHEHUIO

12 _ 2
y =1-y, (1)
KOTOpOe ABJIAETCA JULIbL APYTUM CIOCOOOM 3aluCH BbIpaseHuii
./ .
sin’(z) =cosxz u  sin®(x) + cos?(z) = 1.

Bonee Toro sinx U cosx — mnepuoandeckre ¢ OJHHUM OCHOB-
HbIM NepuoaoM 27. B BoceMHaanaToM U JeBATHAAIIATOM CTOJEeTUU
MaTeMaTHKU HATOJKHYJIHWCh Ha MOXO#UN (deHoMeH, HO HeCKOJb-
Ko OoJlee CJIOMHBIN, a UMEHHO, OHM paccMaTpuBaiu GyHKIUU f,
KOTOpble YJOBJIETBOPAIOT AuddepeHIMalbHOMY ypaBHEHHUIO

7= 3+ Af + B. (2)

3necb A u B — wroHctauThl. B nuddepennuaibHoM ypas-
HEHUU [JIA CUHyca U KOCHHYcCa MOJMHOM B MpaBoOil 4aCcTH MMeeT
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cTenedb 2. B moxoeit, Ho 6oiee cloxHOI cUTyaluu (2) NOIMHOM
nMeeT cTeneHb 3. [lonuHomuanbHoe auddepeHIaibHOe ypaBHe-
HUe B JefCTBUTEIbHOCTHU ABIAETCA NOBOJIbHO OGUIUM, OCKOIbKY
3aMeHOll MmepeMeHHbIX TOJWHOM CTelleHU 3 Bcerjga Mo#eT ObITb
npeobpa3oBaH B [Ipyroii, B KOTOPOM HeT KBaJpaTHUUYHOro 4jeHa,
T.€. K BUAY

P(T) =T+ AT + B,

rae ko uuuent npu 12 pasen nymo. [losatomy ypaBHenue (2)
ABNAETCA MPAMBIM 0606IieHreM (1) Ha MOJAMHOMBI TpeThbell cTe-
neHu B mpaBoii yactu. K atomy auddepeHnualbHOMY ypaBHe-
HUIO TPUIIJIUM B TEOPUU KOMIUIEKCHBIX, ABOAKOINEPUOAUYECKUX
byHKuM, T.e. GyHrnuit f(z) KOMIUIEKCHON MepeMeHHOH, KOTO-
pble UMEIOT ABa Mepuoja wi, wg, KOTOPble JUHENHO HE3aBUCUMBI
Ha R. Hanpumep, w; = 1 u we = % GyaeT Takoii mapoii nepuoaoB.
MbI XOTUM U3YUHTH aHaIUTUYecKUue PYyHKIUM f, Takue, 4TO

fztw)=f(z) nu f(z+w)=f(2)

1Jd BceX KoOMIJIeKkcHbIX z. Ha camMoMm nene, Takue QyHKRIMU DOJH-
Hbl UMeTh MOJI0Ca, €ClIM OHU He ABIAITCA KOHCTAHTaMM, 103TO-
MY MbI B IefiCTBUTEIbHOCTU paboTaeM ¢ TeM, UYTO Ha3bIBalOT Me-
poMopdHBIMU GYHKIIUAMU, obJafalolUMUA JByMA He3aBHUCUMbI-
MU nepuogaMu. Takue GyHRIUM HaA3bIBAIOTCA 2AAUNMUYECKUMU.
[IpuMeuaTeabHO, YTO U3yUeHUE IUNTUUECKUX QYHKIUI MPUBO-
OUT K O-OyHRIUAM, KaKk Mbl onuileM HUzke. ITU O-PyHKIUMU AJA
onpejieieHHbIX 3HAUEHUI NepeMeHHBbIX YIO0BJIETBOPAIOT ypaBHe-
HUIO TeIJIONPOBOJHOCTU W, KaK Mbl BUJAENIU paHblile, ABIAIOTCA
(¢yHOaMeHTalbHbIMU PElIeHUAMU ypPaBHEHUA TEIJIONPOBOAHOCTH
Ha OKPY#HOCTHU.

Inqa npunoxseHunii K KOMIJIEKCHOH CUTYyalluy ONpeieluM cHa-
yana 6-gyuryuro Pumana

.2 .
91(7_’ Z) — § :671’7,’”, 7'627r1,nz.
nez

B sTtoMm ompepeineHuu T, z KOMILUIEKCHbIe uMcia. Mpl 3anuimeMm
T = u + it, u, t — BelllecTBeHHbIe, N03TOMY ¢ = Im(7) — MHU-
Mas yacThb 7. MbI npeanonaraem ¢t > 0, 4To6bl paAg cxoguicd. [pu
KCII0JAb30BaHUU 3TOr0 NPeAIIoNoMKeH A BUIHO, YTO

. 2 2 . 2
min“Tt _ _—1mn 't _min“u
e =e (& .
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T.k. e™n'¥ po abCoJIIOTHOMY 3HayeHWIO paBHO 1, abcouaroT-
Hoe 3HAueHue ™" T IIPOCTO paBHO et CaemoBaTelbHO, PAJ
nis 01 (7, z) abCoNOTHO CXOMUTCA, U paBHOMEpHO npH |t| > § > 0.
lInd BelllecCTBEHHOTO z = & W YMCTO MHUMOIO T = ¢t MbI B CYIII-
HOCTHU MOJYYUM O-pAd, KOTOPBIH paccMaTpuBalcA paHbllle B CBA3U
C TEIJIOBBIM MCTOYHUKOM Ha OKPYHHOCTH.

0-pyuknua Pumana 6#; ob6iagaeT MpoOCTBIM IOUTHU IE€PUO-
OUUYECKUM COOTHOIIIEHMEM, KOTOpoe Mbl MpHBedeM ABHO Iepe]
TeM, KaK YKaKeM ee NPUJOKeHUe K 3IUNTUUYeCKUM DYHKIUAM.
IIpex e Bcero 3ameTuM, 4To 1 ABIAETCA WUCTUHHBIM IEepPUOIOM,
T. €.

PER 1. 91(7', zZ + 1) = 91(7’, Z).

JTo nojiyyaeTcAd HeMeAJeHHO, MOCKOJIbKY

0, (T, 2+ 1) — Z eﬂin2T . e27rz'n(z—|—1)
n€Z

2min(z+1) _ ,2minz  ,2win 2mwinz

e e e =e ,

MOCKOJNBKY e2™" = 1 npu Bcex n € Z. Jlanee, T He BIIOJIHE IepPHO/,
HO Bce e uMeeM

PER 2. 0, (1, z + 1) = e~ ™(7+22) . g, (7, 2).

Boiuncienuda nokasaHbl HUMeE

.9 . .
6, (T, 2+ 7_) — § :ewzn T, TNz  owinT _
ne”Z
92 . .

_ 2 :enz(n +2n+1)T | e~ TIT | pTinz _
neE”Z

o . 2 .
— e wi(t+22) § :eﬂ'z(n—i-l) T, 627rz(n+1)z _

neEZ

— e—ﬂ'i(T—I—2z) .0, (7_, Z),

TaKkUM oOpa3oM JoKasbiBad cooTHomienue PER 2.

Idtu nBa cooTHoumeHuda PER 1 u PER 2 no3BoasmloT HaMm no-
CTPOUTH [BOAKoNepuognueckre GyHKIuu. Bce, 4To HaM HY#HO
caelaTh — 3TO NPUAYMAaTh YTO-TO, 4YTOObI M30aBUTLCA OT JIMII-
Hero MHOKUTeNldA, BosHuKalomero B cootHomenun PER 2. IlycTb
a1, ..., Gp U by, ..., b, — KOMILIEKCHbIE UKcIa, oOjagaioliue
CBOHCTBOM

ar + ...+ ayp :bl —I--I-bn
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IIycth
f( ) Hj 01(7-9 z = a’j)
z) — .
[L; 01(7, 2 — b;
Torna us coornomenuda PER 1 Bugno, uto f(z+1) = f(z), n us-3a
Halllero NpeJnoJo:KeHud Ha Yyucia aq, ... , Gp, D1, ..., by U3 CO-

orHomeHus PER2 nonyuaem, uto f(z 4+ 7) = f(z). Takum obpa-
30M, MbI IOCTPOUIN MHOKECTBO JIBOAKONEPUOINUYECKUX PYyHRIUM
c nepuogamu 1, 7.

MosiHo moKka3aTh, UYTO Bce ABOAKONEpUoauYecKkre MepoMop -
Hble (QYHKIMU MOTYT ObITh IMOCTPOEHBI BbIIIEOMUCAHHLIM CIIOCO-
O60M ¢ HcHoJb3oBaHueM O-pyHKLHNI HECKOJbKO Oojiee 00X, YeM
Te, KOTOpble MbI ONKCAJH BbIllle, HO C UCN0JAb30BaAHUEM B TOUHOCTHU
TaKkoit e npoueaypsbl. [InA 3Toro cMOTpUTEe KHUTHU MO 3JAIUNTU-
yecKkuM yHKIUAM, Hanpumep [La 87].

YToObl y3HATb O APYTUX IpUMeHeHUAX #-GYyHKIUM, CMOT-
pute 0630p I'ecuecu u Beiikapna [GeW 98|, koTopblii BbIliesn BO
BpeMA paboThbl HAJl 3TOM KHUTOM.
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IIpocTtpancTBa bproa—Turca

Mb1 GyzneM ucnoiab3oBaTh NMOHATUA U BCIOMOTaTelbHbIE Te-
OpeMbl, KOTOpble ABIAIOTCA CTAaHJAPTHBIMU B OCHOBHBIX Kypcax
1o JuHeliHOW anrebpe u ananudy. OqHaKo, Takue Kypchl M0 cBoei
CTPYKTYpe IpeAHa3HayeHbl AJA TOro, YTOObI KaK MOKHO ILIUPeE
IpeacTaBUTh OCHOBBI 3TUX OUCHUILUIMH, U B HUX He NpeayCcMOT-
peHo BpeMA Ha yriayOlieHHOe U3yUeHre B KOHKPEeTHbIX Halpaslie-
Huax. IllpegcraBaenHblii MaTepuall 1aeT BO3MOM¥KHOCTDb CTyJeHTaM
BY30B IIPOJIBUHYThCA B 3TUX HalpaBJeHUAX, coOOpaB BMeCTe NOHA-
THUA, KOTOpble pa3/ielleHbl 10 KypcaM, TaKkue, KaKk [OHATUE NIPOU3-
BOJHOW, KaK JUHEWHOro oToOpameHusa, pAAbl SKCIIOHEHT, NpUMe-
HAEeMbIe K JIMHENHBIM O0TOOpameHUuAM, MOJOKUTENbHO ONpe/eleH-
Hble MaTpUIbI, JJINHA KPUBBIX, U T. . OOQUH U3 crioco60OB UCMOJb-
30BaHUA MpeACcTaBlIeHHOI0 MaTepuana — IONPOCUTh 3auHTEPECOo-
BaHHbLIX CTYJEHTOB CAMUX NPOUYUTATh €ro U MPEeACTaBUTh JPYyTUM
Ha crlelnralbHOM CTYJeHUYECKOM KOJJIOKBUYMeE, CEMUHape WU Ma-
TeMaTHueckoM KiyGe. fI cienan sTo B MeitnbckoM yHuBepcuTeTe
C OYeHb 0OJbIIMM YCIIEeXOM.

IlepBasa yacTh, NoCBAlIleHHAA 3aKOHY MOJYyNapaiieiorpamMmma,
MoseT ObITh TeMoii ofgHol Oecenbl. OHa Mo#eT ObITH MpPOBejieHA
B Hauajle Kypca MareMaTU4YeCKOro aHalus3a cpasy Iocle olpe-
JeJeHUA MOJHOTO0 MeTPUUecKoro npocrpaHctBa. [lafa cTyaeHTOB,
KOTOpbIE 3HAIOT, UYTO TaKkoe rpylla, WU HKelalT U3YUYUTh 3TO
npAMO ceiiyac, A pekoMeHIyl0 TeopeMy bpioa—Turca o Hemno-
OBU¥HOH TOUYKe. 3Jechb Jaxe, MOMeT ObITh, UTO-TO U3 3KOHOMMU-
ku. [IlupoKo U3BECTHO, YTO HEKOTOPbIE TEOPEMBI O HENOJBUHHOI
TOYKe 4YacTO UCMOJb3YIOTCA He TOJbLKO B MaTeMaTUKe, HO TaKkKe
U B 3KoHOMUKe. [lod#HbI ObITh Kakue-HUOYylb NMPUJIOHEHUA TeEO-
pembl bpioa—Turca o HenmoABU#HOH TOUYKe B 3KkOHOMUKe. BecbMma
BEPOATHO, UTO €CJIU Bbl UX OOHapy#uTe, To noanyuute Hobenes-
CKYIO NIpeMUIO.

BTopasa u TpeThbA yacTh TpebOyIOT HECKOJIbLKO OoJiee TIyOOKUX
3HaHUU U3 Kypca aHanu3a U JuHeilHoi anrebpbl. ITO JaeT NMpak-
TUYECKYIO WIAIOCTPAIUIO TOMY, UYTO Mbl TOBOPUM CTYAE€HTaM, UTO
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npousBoaHaA quddepeHEpyeMoro oroopaseHua B TOUKe — 3TO
JWHelHoe oToOpanieHue, HO GOJBLIIMHCTBO MaTeEMaTUKOB CIeAYIOT
3TOMY, MO-TIPEe#HEMY BbIUUCIAA YacTHbIe MPOU3BOJHbIE BMECTO
MCI0Jb30BaHUA JIMHEeHOro oToOpaxeHUuA Kak TakoBoro. Bropas
yacThb olpejelideT METPUKY Ha IPOCTPaHCTBE BellleCTBEHHBIX I10-
JOMUTEIbHO OlpeieJleHHbIX MaTpull. TpeTbA YacTh JA0OKa3bIBaerT,
YTO 3TO MPOCTPAHCTBO YIOBIETBOPAET 3aKOHY IoJyIlapaiielso-
rpamMa. O6e 3TH 4yacTU JalOT NPAKTUKY 10 MaTeMaTUUYECKOMY
aHa/lu3y B BEKTOPHLIX MIPOCTPAHCTBAaX, CMEIIaHHOMY C HEKOTOPbI-
MU 3HAHUAMU U3 JUHENHOH ainreOpbl, BKIIOUAA CKaJAPHbIE MPO-
u3BeneHrd. HeT HuU BpeMeHU, HU BO3MOMHOCTHU MPEAJOHUTh 3TOT
MaTepuall B CTaHAAapPTHBIX KypcaxX, HO 3Ta TeMa ABJIAeTCA Haubo-
jlee KjacCUUYeCKHUM IIPUMEPOM HEKOTOPBIX acleKTOB aHajdu3a U ajl-
reOpbl, a TaKk#e reoOMeTpPUU, NMOKa3bIBafA, KaKk dKCIIOHEHIMAlIbHOE
oToOpasieHre «HCKpUBJAeT» 0ObIYHOE €BKJIMI0BO IPOCTPAHCTBO
U BJIWAET HA PacCTOAHUA — B JIE€ACTBUTENbHOCTHU YyBEJIWUYHBAET
paccTtoanuA. IloaToMy BTOpad U TpPeThA 4YacTh [JalOT IPUMEPHI
nuddepennalbHOl reoOMeTPUU, JTOBOJbHO OTJHWYHbIE OT OObIU-
HbIX MPHUMEPOB, BBHIAEIAIONIUX KpUBbIe U MoBepXHOCTHU. Ilokasbl-
BaeTCA HCIOJb30BaHHE MaTeMaTUUYECKOI'0 aHajllW3a B BEKTOPHBIX
npocTpaHcTBax. ITH YacTH AalOT MpeKpacHbIi npumMep oobedu-
HEeHUA MaTeMaTU4YeCKOro aHajiu3a, JMHEHHOU anrebpbl, aHailu3a
B BEKTOPHBIX MPOCTPAHCTBAX U reoOMeTPUM HA YPOBHE, IOCTYII-
HOM CTyJeHTYy. Bce Tpu yacTu gal0T BO3MOMKHOCTh IIPOBECTHU PAJ
Oecen.

B KoHIle raaBbl A onuily HEKOTOPble HCTOPUYECKHE COOBI-
THUA, JieKallde 3a paccMaTpuBaeMoili HaMU MaTeMaTukoi. Ora-
3bIBAaeTCA, UTO COBEPIIEHHO 3JIeMeHTapHble, KpacuBbl€ U CUJbHbIE
pe3yiabTaTbl MOT'yT ObITb M3BJ€UYeHbl U3 BeCbMa INPUUYYJIKMBOIrO
KOHTEKCTa, UTo A U chenal. [laxe ucTopuda 3TOro MaTemMaTuyec-
KOro KOHTEKCTa He ABJAeTCA 3jeMeHTapHoi. TakoBa #HW3Hb, HO
Mbl HE MO#€eM II03BOJUTh JIpPEBHEN UCTOPUU NMPATATh WU OTpai-
naThb MaTeMaTUKY, JOCTYINHYIO Ha 3jeMeHTapHOM yPOBHe.

3aKoH moJymnapaJjijiejorpaMMa

OG6bIuHbBIN 3aKOH HapajiejorpaMma BlepBble ObLI TMOJNYYeH
B KOHTEKCTe eBKJIKUJ0BOI MJI0CKOCTU, HO ABJAETCA BEPHLIM B BeK-
TOPHOM IMpPOCTPAaHCTBE HaJl BellleCTBEHHBIMU YHCJIaMU C IOJOMU-
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TeJbHO oIllpedeJeHHbIM CRaJAPHLBIM IIPOHU3BEJECHHEM. N3 Tarxoro
npousBeeHiud MhbI IIOJYYHUM HOPMY Ha BEKTOPHOM IIPpOCTpPaHCTBe
0ObIYHBIM CHOCOﬁOM, a MMEHHO, IJIA BEeKTopa v HOpMa olipeaeja-

eTcA Kak
lv| = Vv - v.

3aKoH napajliejiorpaMMa yTBep#JaeT, UYTO 1Jid JIBYyX BEKTOPOB
BbIMTOJIHEHO

v — w|* + v+ w|? = 2[v|?* + 2|w|’.

Wnu cnoBaMu, cymMMa KBaJpaTOB AuaroHajeii paBHa JBa YMHO-
KUTHb HA CYMMY KBajJpaToB CTOPOH. 3aKOH MapaijejorpaMmma Mo-
#KeT ObITh NMPOMJUIIOCTPHUPOBAH CleAYIOMIUM PUCYHKOM. XOPOIIO
M3BECTHO, UTO HOPMAa BO3HUKAET U3 MOJOKUTEIbHO ONpeaeleHHO-
ro CKajJApHOro Npou3BedeHUA TorJa U ToJAbKO Torja, Korja HopMma
YIOBIeTBOPAET 3aKOHY MapaJjejorpamMma, HO Hac He UHTepecyeT
3Jlech 3TO HanpasjeHne. Mbl JOJMKHBI MOAYYUTh HECKOJIbKO MaTe-
MaTu4yecKUuXx (HaKkToOB B MopAJKke, oOpaTHOM HUCTOPUUYECKOMY, a 3a-
TeM clejaeM HeoOXolHMble HCTOPUUYECKHe KOMMEHTapuu.

V+Ww

w
O

B dbopmyie, npuBeaeHHO BhIle 1A 3aKOHA Mapalielorpam-

Ma, napajiejorpaMM paclojiodeH B Havalle KOOpJAWHAaT. 3aKoH

B JeMCTBUTEIbHOCTHU CBA3BIBAET MJWHBI CTOPOH C AJIMHAMH Aua-

roHaneii. OH npuMeHAETCA K Mapa’iejorpaMMy, PaclooKeHHOMY

B IIPOU3BOJILHOM TOUKE I, KaKk M0Ka3aHO Ha CJeqYIOIeM pUCYHKe:

X3

Xy
X

PaccToanue Memay ABYMA TOUYRaMHU I, o 3aJgaeTcCf BbIpa-
MeHrneM
d(xl, xz) = |331 — I2].
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Torpa B 3aKoHe mapajiiellorpaMmMa yTBep#HIaeTcs, 4To
d(z1, ©2)? + d(z, z3)* = 2d(z, z1)* + 2d(x, x2)>.

IIpucTaBKa «Mody» K 3aKOHY NapaiejorpaMma MokeT ObITh J0O-
O6aBieHa AByMA crocobaMu: BO-NEPBLIX, Mbl OCTAHOBHUMCH B ce-
pelvHe OJHOW W3 guaroHanei, U, BO-BTOPbIX, Mbl 3alullieM He-
paBeHCTBO BMecTo paBeHcTBa. Ilpu nmepBom croco6e MbI prucyeM
MOJIOBUHY MapaJuiejiorpaMmma:

XLy

X

IIyeTh z — cepeauHa oTpe3Ka Me#ay x1 U To. Torga B Tep-
MUHAax &, 1, 2, Z 3aKOH NapajiejorpaMmMa Mo;eT ObITh 3anucaH
B opme

d(z1, 72)? + 4d(x, 2)* = 2d(x, £1)? + 2d(z, ©2)>.

3aTeM Mbl J006aBUM MPUCTABRY «IOJY», 3alllicaB HePaBEHCTBO <
BMeCTO paBeHCTBa, U MbI TaKe IepeiigemM B Ooliee obliee Mmpo-
CTpPaHCTBO, IO3TOMY /laBaiiTe HaUHeM cHayala.

IIyects X — MeTpuuecKkoe MpoCcTpaHCTBO ¢ ¢yHKIUel pac-
cTofiHuA d, MO3TOMY paccTofaHue d(x, y) onpeaeneHo MexIy IBY-
MA To4ykaMu z, y. OHo > 0 u = ( Torga U TOJABKO TOrja, KOT-
na r = y. BepHo paBeHCTBO

d(z, y) = d(y, ),
U paccToAHNe yIOBJIeTBOPAeT HepaBeHCTBY TPeyrojJbHUKA
d(z, z) < d(z, y) + d(y, 2)

IJA Bcex TOYeK x, y, z € X. U3HavyalnbHO cpedHAA TOUKA MeH-
oy IBYMA TOYKaMHu 1, 2 He omnpejeieHa. Tenepb Mbl JOJHHBI
onucaThb yclioBUe, KOTOpO€e MO3BOJUT BBECTHU CPEAHIOID TOUKRY.

Mb1 6ynemM roBopuTh, 4To X YIOBJIETBOPAET 3AKOHY NOAY-
napaaaenozpamma, eciiv 1A Jo0bIX ABYX TOUEK X1, £2 € X Cy-
eCTBYeT TOUKa 2 Takad, 4To JJA Bcex © € X

d(x1, 2)? + 4d(x, 2)* < 2d(=x, ©1)? + 2d(z, z2)?,
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CHGI[OBaTeJIbHO,
d —d — 1y
(Zv 371) - (Z7 xZ) - 5 (wla ;132).
BTO HOquaeTCH HpI/I BbIGOpe r = r1 1 r = I9 B 3aK0He IIO-

nTymnapaiieiorpaMmmMa, 4To6bl MOJdy4YUTh HepaBeHcTBa 2d(ry, z) <
< d(x1, x2) u 2d(x2, z) < d(x1, r2). [IpoTHBONONOKHBIE Hepa-
BEHCTBA CleJyIOT U3 HepaBeHCTBa TPEYTrolbHUKA

d(x1, x2) < d(x1, 2) + d(z, T2).

3aMeTbTe, UTO TOUKA z OJHO3HAUHO OoNpeendeTcA TOUKaMU L1, L2,
MOCKOJbKY eciu 2/ — papyras Takad Touyka, Mbl BoiGepeM & = 2/
B 3aKOHe, ¥ YBUIUM, 4TO z = 2. [loaToMy MBI Ha3oBeM 2z cpeduetl
mo4koill MexXAy T1 U Ta.

Ilo onpenenenuto, npocmpancmeo bpiwoa— Tumca — 3To moJ-
HOe MeTpUUYecKOoe IPOCTPaHCTBO, KOTOPO€E yOBJI€TBOPAET 3aKOHY
nonynapamienorpamma. «IllonHoe» o3Hauaet, uTo ja06ad mociemno-
BaTeabHocTh Komu B X cxoauTcA, T.e. uMeeT npeael B X. Mol
o6o3HaunuM 4epe3d Bp(x) oTKpeITHIM map paguyca R ¢ neHTpoM
B TOUYKe X W 4epe3 ER(x) 3aMKHYTBIN map paguyca R ¢ LeHT-

pom B Touke x. [loatomy Bp(x) — 3To MHO#ecTBO Touek y € X
TaKkUX, 4TO

d(z, y) < R.

IIyctb X — meTpuueckoe nmpoctpaHcTBo. Ilycts S — orpanu-
yeHHOe MOJMHOMECTBO, T.e. CyllecTByeT 3aMKHYThIi map Br(z)
1A HEKOTOPOro x, Takoii, uto S € By (x). IlycTs r = inf Beex R,
Takux, uto S € Br(x) 418 BceX BO3MO#HBIX paauycoB R u nenT-
poB = € X.

BrionHe mMoskeT okasaTbCA, UTO He CyIIeCTBYeT 3aMKHYTOIrO
lmapa paguyca r, colepkamiero S. Ecau takoil map paguyca r
CyIlleCTBYeT, TO MbI Ha30BEM €ro mapoM MUHUMAalIbHOr0 paguyca,
comepsamuM S. Ceiiuac MbI NpuBeneM YCIOBHUA, NPU KOTOPLIX
TaKoi Iap cyliecTByeT.

Teopema 1.1 (Cepp). Ilycmv X — npocmpancmeo bpioa—
Tumca. [lycmv S — ozpanuiennoe noomnoxcecmeo X . Tozda cy-
wecmeyem eduncmeennslll samrnymolli wap B, (x1) muHumarb-
Ho20 paduyca, codepicaujutl S.
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JIOKABATEIBCTRBO.

CHavalla JoKaxeM eIMHCTBEHHOCTb.

IlycTs cymecTByeT nBa mapa B, (z;) u B,(x2) MuHEMAaIL-
HOTO pajauyca, cofepsamux S, HO £ # x2. llycTh © — npous-
BOJIbHaA Touka S, nosatomy d(x, r2) < r u d(x, r1) < r. llycrs
z — Cpe[lHAAA TOUYKA OTPe3Ka MemAy T1 1 Ta. Ilo 3akoHy momymna-
pajieiorpaMmma, morydum

d(z1, 2)? < 47° — 4d(z, 2)°.

[TockoabKy Mo ompeeleHHIo © CyHIeCTBYIOT TOYKH = € S TaKue,
uto d(x, z) > r — € nnA Beex € > (), cliefoBaTeNbHO,

d(zq, xz)z < 4r? — 4(r — 5)2

naa Bcex € > (0. Boiunucaus npenen npu € — (0, Mbl IOJIYy4YUM, UTO
d(x1,x2)=0, ciefoBaTelbHO, 1 = T2. TakuMm 006pa3oM, HEHTPbI
mapoB coBnajaamT. [lockoabKy 1Iapbl UMEIOT OJWH U TOT #Ke pa-
auyc r, mapbl COBIaaarT, TEM cCaMbIM [I0Ka3aHa €JUHCTBEHHOCTb.

Uto KacaeTcA cyllecTBOBaHUA, NMycThb {x,} — mocieno-
BaTe/IbHOCTb TOYEK, KOTOpble ABJIAIOTCA IL[EHTpaMHU IIapoB pa-
auyca 1y, CTpeMANUXCA K UHPUMYyMY BCeX paguyCcoB TaKuX,
4yTo Ern () conepsut S. IlycTh r ABNAETCA TAKUM UHOUMYMOM.
Ecau nocnenoBatenbHOCTDb {x,} ABIAeTCA MOCIEJ0BAaTEIbHOCTHIO
Rolliy, To oHa cXoAuUTCA K HEKOTOPOil TouKke, KOTopaA ABJAeTCA
[IEeHTPOM 3aMKHYTOrO Illapa MUHUMAaJbHOI'0 pajguyca, cojaeps:raile-
ro S, ¥ TeM caMbIM MbI JoKameM Teopemy. HecnoxHo 3anucaThb
AeTajlbHO 3TO JoKa3aTelbcTBo. OcTaBUM BaM 3TO Ha caMOCTOA-
TeJbHYIO paboTy.

OcHoBHaA uaed 3aKkjJlo4yaeTcd B TOM, YTOObI MOKa3aTb, UTO
IIeEHTPhI 00pas3yloT mocienoBaTelbHOcTb Komwu, T.e. Mbl Bcerjga
nojiyyaeM BhlllleoNcaHHYy0 cuTyaluio. /laxe B ciydae miaocKoc-
TU MOKHO [I0Ka3aThb HEUYTO, YTO UMeEeT OTHOIIeHUEe K reOMeTpPUu,
npernojaBaeMoil B cTapiiux KijaccaXx. Mbl npuBeieM JoKa3aTellb-
CTBO.

IIycTthb zyn — cpegHAA ToYKa MEmIAY T, U Z,,. BBUAY MU-
HUMAaJbHOCTH 7" IPU JaHHOM € CyIlecTBYeT TOuKa x € S Takad,
4TO

d(x, zmn)? > 1 —c.
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IIpuMeHHM 3aKOH MoJynapalienorpaMMa Mpu 2 = Zp,,. Loraa

d(xm,, xn)z < 2d(x, azm)2 + 2d(x, wn)z — 4d(x, zmn)2 <
< 272, + 202 — 4r? + 4e.

[lpu m, n — 00, 2r2 + 2r2 —4r? — (. Torja HepaBeHCTBO, PHU-
BelleHHOe BbIle, MOKAa3bIBaeT, 4To {x,} — MoclenoBaTelbHOCTh
Komu, TeM caMbIM 3aBepliaf A0Ka3aTelbCTBO T€OPEMEI. n

IlenTp mapa B TeopeMe 1.1 Ha3bIBaeTcA KpYy208vlmM UEHITIPOM
MHOkecTBa S.

I[Iycts X — meTpuueckoe npoctpancTBo. Ilog usomempu-
eti X MbI 6yJeM MOHUMATh OUERIIHUIO

g: X > X,

TaKkylo, YTO g coXpaHAeT paccTodHuWe. [pyrumMu cioBaMu, [
BCeX T1, X2 €X BBINOJIHEHO

d(g(xl)a g(x2)) = d(wla x2)°

Eciu reoMeTpua MIOCKOCTU NMpaBUJIbHO NpenojaBajiach B cTap-
KX KJaccax, TO BaM JOJ#HO ObITb M3BECTHO, YTO Napallelb-
Hble NlepeHoChl, BpallleHUA U OTpaseHuf ABIAIOTCA U30METPUAMU
eBRJIMJ0BAa MPOCTPAHCTBA, U UYTO BCe U30METPHUU MIOCKOCTU MO-
ryT ObITb MOJyYeHbl KOMIIO3UIIMell 3TUX clelhalbHbIX U30MET-
puii. B ntob6om ciayyae 3Tu oToOpasmeHud AalOT NpUMepbl U30MET-
puii. 3aMeTbTe, UTO €Cllu g, 82 — U30MEeTpPUU, TaKoHh e OyneT
X KOMIO3UILIUA g1 0 g». TaKke, ecliu g — U30MeTPUA, TO g UMeeT
obpaTHOoe oToOpaxeHue (MOCKOIbKY g ABIAeTcA Guekuueil), u us
yCIOBMA M30MeTPUU HeMeIJeHHO BbITekaeT, 4yTo g 1: X — X
TaKe ABJIdeTcA H30MeTpueli. 3aMeTbTe, UTO TO#JAECTBEHHOE
otobpasenue id: X — X ABadeTcA usomMeTrpueit.

[Iycte G — MHoskecTBO wu3oMeTpuii. BymemM roBopurth,
yto G — 2pynna uszoMeTpuil, eciu G COOepKUT TOMIeCTBEHHOE
otoGpaskenue, (G 3aMKHYTO N0 onepanuu KOMmo3uiuA (T.e. ec-
n g1, g2 € G, T0 g1 0 g2 € G) U 3aMKHYTO TI0 omnepanuu o6pa-
meHus (T.e. eciu g € G, To g~1 € G). YacTo 3anuceBalOT g1g4>
BMECTO g1 © 82. 3JaMeThbTe, YTO MHO¥ECTBO BCeX U30MeTpUi caMo
AIBJIAeTCA IPYNNOA U3OMETPUMN.
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Hycts 2’ € X. llogmuoskecTBO G, cocTosAIlee U3 Beex dle-
meHTOB g(x'), g € G, HaspiBaeTca opbumotl x' Ha G. Ilycts S
o6o3HauaeT Takyio op6uty. Toraa nisa Bcex g € G u Bcex aite-
MEeHTOB x € S cnenyet, uto gx € S. [lelicTBUTENbHO, MbI MO#EM
sanucath x = gix' mad HekoToporo g; € S. Torma

glg1z') = glgi(z')) = (gog)(z') € S,

M gogy € G no npeanonoxenuto. [leiictButensto, g(S) = S,
MOCKOJNbKY JaHHOe g1’ MokeT ObITb 3aMucaHO Kak

gv' =gg g’ =gz, x€S.

Ilocne 3TUX npeaBapuTeNbHbIX 3aMedyaHuil chopMyIUpPYyeM cleny-
IOIIYI0 TEOPEMY:

Teopema 1.2 (Teopema Bproa—Turca o HenoaBU:K-
Hoil Touke). Illycmv X — mempuieckoe npocmpancmeo bpioa —
Tumca. [lycmv G — epynna uszomemputl X . Heticmsue 2pynnot G
o6osnavum (g, r) — g - x. Illpednoaoxwum, vmo G umeem oepa-
HuveHHylo opoumy. (Imo npoucxodum, ecau, ¥ npumepy, G aeaa-
emcs Komnakmuoil, a deiicmeue Henpepvishbim.) Tozda G umeem
HenoodsuX cHYI0 MOYKY, K npumepy Kpy2060l yueHmp opoumol.

HOKA3ATEJILCTBO.

Ilycts p € X u nycerb G - p — opbura. lyers B, (z1) —
eIMHCTBEHHbIN 3aMKHYThIH [Iap MUHUMAaJIbLHOTO paguyca, coaep-
mamuit opéuty. [lna mo6oro g € G obpas g- B, (z1) = B, (z2) —
3aMKHYTBIH IIap TOIO ke pajuyca, colep:kaluii opouTy u rs =
— g+ x1. [JoaTOMy 10 CBOICTBY eMHCTBEHHOCTH U3 TeopeMbl 1.1
clieflyeT, UTO &1 — HeNoABHMHAA TOYKA, YTO M 3aBepliaeT JOKa-
3aTeIbCTBO. u

Ina cnenyiolero ciedcTBUA MbI IpefnojaraeM, 4To BaMm
U3BECTHO olpejeleHue (aKkTOp-TPYINbl U (aKkTOp-NPOCTPaHCT-
Ba G/H otHocutensHo noarpynnsl H. Ecau BbI 3TOrO He 3HaeTe,
MPONYCTUTE CleJCTBUE.

CaenctBue 1.3. I[lycemv G — e2pynna, H — nodzpynna.
Ilycmv K — nodepynna G maxaa, wmo deiicmeua K saeaswom-
cA neperocamu Ha garmop-npocmpancmee G /H. Ilpednoaoxcunm,
ymo G /H umeem mempury (PyHKyul0 paccmoanus) marywo, Lmo
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nepenocvl aaemenmanmu K seasiomea usomempuamu, G/H —
npocmparncmeo bpwoa— Tumca, u odna u3 op6um ozpanuiena. Toe-
da npocmpancmeo, conpaxcernnoe K codepiwcumcsa 6 H.

IOKA3BATEJIBLCTBO.

Ilo Teopeme 1.2 peiicTtBue K uMeeT HENOABUMHYIO TOURY,
T.e. cyllecTByeT ¢daKkTop-MHoxecTBo xH Takoe, uto kaxH =
= xH pna Bcex k € K. Torga x 'KxH C H, ciefoBaTelbHo,
x 'Kz C H, uto u TpeboBanoch J0Ka3aTh. N

3ameTbTe, 4To TeopeMbl 1.1 u 1.2 coBepllleHHO 3JieMeHTap-
Hbl U MOTYT ObITH U3yUeHbl cpa3y IMocje TOro, Kak Bbl Y3HaeTe
onpejeleHre MOJHOTO MeTpuyecKkoro npoctpaHncTna. Ilocnenyto-
mue naparpagbl HECKOJIbKO OoJiee CI0#HbI U TPeOYIOT HECKOIbKO
OO0MLIINX 3HAHUM TUHeliHoM anredpbl, cMellaHHoM ¢ aHanu3oM. Ilo-
ATOMY ClefYyIoIUil MaTepual MO;KeT paccMaTpUuBaTbCA KaK UH-
TepecHad TeMa, JONOJHAIIAaA KypCcbl MaTeMaTUYeCKOro aHaliu3aa
U TOIOJIOTUM, U3yUYaeMble Ha CTapliuX Kypcax.

IIpocTpaHCcTBO MOJOMUTEIbLHO ONpeaeJeHHbIX
MaTpHull

Cefiuac MbI onuileM Haubosee Ba#HbIN IPUMeEpP MPOCTPAHCTB
bpioa—Tutrca. B peficTBuTelbHOCTHU, 3TO TUNHUYHBLIN MpUMeD.
IIycTs:

Mat,, (R) = BekTOpHOE pPOCTPaHCTBO BemECTBEHHBIX 7 X 7 MATPUIL.

GLn(]R) = MHO?KECTBO BelleCTBEHHBLIX 00paTUMBIX N X N MaTpHII.

3amerbre, 4yTo GL,(R) comepsurca B Mat,(R), u GL,(R) 06-
pasyeT IpyIlny, 3aMKHYTYIO 110 ollepalii YMHOMEHHUA U 110 OIle-
palyy BbIYMCIECHHA MYJIbTHUINKATHBHOTO 00paTHOIr0 3JIeMeHTa.
Torpa mbl ckameM, 4To GL, (R) ABaAeTcA rpynmnoii, KOTOPYIO MbI
6yneM 1A KpaTKocTH obos3HavyaTh G, noatomy G = GL,(R) mo
onpeeNeHuIo.

BekTopHoe mpocTtpaHcTBo Mat,(R) umeer nmoampoctpaHcT-
BO:

Sym,, (R) = npocTpaHCcTBO CUMMETPUYHBIX MaTpUIL.
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BcnoMHMTe, YTO eclu v — MaTpHlla, TOrAa ee MmpaHcno3uyus tv
MOJy4yaeTcA MO ONpeAeeH’I0 3aMeHOH CTPOK Ha CTOJ6GLbI U 00-
paTHO, U v Has3blBaeTcd cuMmempuiHoll, Korga v = ‘v. Msl yac-
To onyckaeM R u3 o6o3HaueHuii u numem npocto Mat,, GL,
u Sym,. KoHeuHOMepHOe BEKTOpPHOe NMPOCTPAHCTBO Sym, HMe-
eT MOJIOKUTEJIbLHO oNpeAel]eHHOe CKalApHOe Ipou3BeleHre, KOTO-
poe 1o3BoJAET paccMaTpUBaTh Sym,, Kak eBRJINA0BO IPOCTPAHCT-
Bo. [IpousBeneHue onpenenaeTca cieayouuM oopazoMm. Bemomuu-
Te, YTO cjief] MaTPHUIILI — 3TO CyMMa JuaroHajlbHBLIX 3JIEeMEHTOB.
Ina v, w € Sym, omnpefeiuM HUX cKalApHOe NpPOU3BeJeHNE Kak
cie] UX Ipou3BeleHUs

(v, W)y = tr(vw) Taw, uto |v|2. = tr(v?).

31ech U nanee tr o6o3HavaeT ciaeq MaTpuiibl. [locKOIbKY v — CUM-
MeTpHuHas, ciell tr(v?) ABnAgeTcA cyMMOli KBaapaToB — IPOBeph-
Te 3TO0, 3amKcaB MaTpuly npousBegeHusa. [loaTomy HemenIeHHO
npoBepdAeTcA, 4To (v, w) — tr(vw) — MONOMKUTENbHO ONpeielNeH-
HOe CKalApHOe MpPoKM3Be/leHNe, KOTOPOe MpeBpalaeT Sym, B €B-
KJIMI0BO IPOCTPAHCTBO pa3dMepHocTH n(n + 1)/2.

3aTeM BCIOMHHUM, 4TO MaTpPUIa P HA3LIBACTCH NOAONCUMEAD-
HOU IIA TOAONCUMEAbHO onpedeneHHoll, ecii oHa CUMMeTpUuYHad
7

(p€, &) >0  VEER", £#0.

3nech ( , ) — o0bIuHOE cKajlfApHOe npousBeaenue Ha R"™. O6o3Ha-
YUM

Pos,, = Pos,, (R) = MHO#ecTBO Bcex cUMMeTPUYHBIX

MNOJIOKUTEIBbHO OIIpeelIeHHBIX 1 X 1 MaTpHUII.

lHoatomy Pos, saABadgercAa noaMHosecTBoM Sym,,. Cpasy
U3 ompeaeileHusa cieayeT, uTto Pos, ABIAeTCA OTKPBITHIM MO-
MHOMECTBOM Sym, , N03TOMY TreoMeTpUuUecKU Mbl IpecTaBilA-
eM Pos,, Kak OTKpbITOE MOJMHOKECTBO €BKJIKNI0Ba NPOCTPaHCTBA.
Takxe, Kak B 00LIYHOM IIPOCTPAHCTBE, KacaTelbHOe IIPOCTPAHCT-
Bo B Touke p € Pos, ABaderca nepeHocoM Sym, . He ucnonbsys
Gosiee CIOMHOTO A3bIKA, Mbl MO}keM 0003HAaUUThH ero Sym,, Tak-
e, Kak MbI o6o3HayaeM R" KacaTenbHOe NPOCTPAHCTBO B M0G0
Touke R".
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JKCcNoHeHNIMalbHOe oToOpasMeHnue
u3 Sym, B Pos,

Tenepb Mbl yCcTaHOBUM CBA3b Memay Sym, u Pos, mocpen-
CTBOM OOLIYHOT'O DKCIOHEHI[MAIbHOTO 0TOOpakeHud

exp: Mat,, = GL,,
3aJaHHOT0 OOBIYHBIM CTEIMEeHHBIM PAIOM

>k
exp(v) = Z %

k=0

Eciu v, w KoMMyTupyIoT (T.e. vw=wv), Toraa exp(v+w) =
= exp(v) exp(w). [loaroMmy exp(v) o6paTumo, ¢ o6paTHBIM 3ie-
MEHTOM, PaBHbIM exp(—v).

Mz1 Bocnosb3yeMcA 3KCIOHeHI[HalbHBLIM 0TOOpaMeHeM, 4YTo-
6bI «(MCKPUBUTBY Sym, . Bolee TOUHO paccMOTpPUM 3KCHOHEHI[U-
albHOEe oToOpaseHye JUIIbL Ha CUMMETPUYHBLIX MaTpuIax

exp: Sym,, — Pos,,

MOCKONbKY 00pa3 Sym,, Ipu 3KCIOHEHIIMAaTbHOM 0TOOpaKeH! ! Jie-
#UT B Pos,. YTo6bl yGeauThcAd B 3TOM, 3aMeTbTe, UTO €ClId v
cUMMeTpPUYHAA U Mbl BbiOepeM ¢ = exp(v/2), Toraa q ABIAET-
cA cumMeTpudHoil u exp(v) = ¢2?. CremoBaTenbHo, exp(v) ABIA-
eTCA IOJOMUTENbLHO ONpeeNeHHOM, NOCKOIbKY IJIH BCeX BEKTO-

poB £ € R", £ # 0 umeem

(a”¢: €) = (g€, g€) > 0.

3 nuHeliHoil anreOphbl 3KCHOHEHI[MalbHOe 0ToOpaKeHne ABJIACT-
cA nuddepeHnuanbHpiM (T.e. C'°°) n30MOpHU3IMOM, B YACTHOCTU
OHO MMeeT ob6paTHoe oToOGpaseHne U3 Kiaacca C'°°, KoTopoe Mo-
#eT ObITh Ha3BaHO J4o02apugm. YToOLI YBUIETH 3TO, BO3bMEM I10J10-
MUTEILHYIO MaTpuly p. Mbl Mo;eM AUaroHaliu3upoBaTh p, T.e.
cymectByeT 6asuc {&1, ..., &} B R" u uncna Ay, ..., Ay > 0
Takue, 4TO

p& = N&i, 1=1,...,n.
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Torpa onpenenum logp = v Kak AuHeliHoe oToOparkeHUe, Mpe-
cTaBlleHHOe JUaroHajlbHOH MaTpulei

log A1 0
0 log Ay,
110 OTHOIIIEHUIO K 6asucy &1, ... , &,. [logo6HO MOMKHO oNpeIeNnuTh

KBaJpaTHbIN KOpeHb U3 P Kak JlMHeliHOe oToOpaeHue, NpeacTaB-
JeHHoe MaTpulleit
VA1 0

0 Vn

OTHOCUTeNbHO 6a3uca &1, ..., &y,.

Hepemeﬂﬂoe IOJIOKHNTEJNBbHO OIIpeJe/IiecHHOe
CRAJIApHOC IIpoM3BeacHHUC

Mb1 nopouny K OJHOI U3 HaUIUX LleNell, KoTopad 3aKkJIlyvyaeT-
cA B TOM, YTOObI ONpPEeAeNUTh IO0JOKUTENbHO ONpe/ieieHHOE CKa-
JApHOE NpPOU3BeleHNe Ha Sym,,, paccMaTpuBaeMoe KaKk KacaTelb-
HOe MPOCTPaHCTBO B To4ke p € Pos,, TakuM cnocobom, 4TO 3TO
npou3BefeHre 3aBUCUT OT p. MbI onpeneauM 3To Mpou3BeaeHUe
no cieaytoineii popmyine

lw) Tak, 4ro |v|§ = |v

(v, wyp, = tr(p~top™ 2 o = tr((p™10)?).

HOHOH’{I/ITeHbHaH OIIpe,[IeJIeHHOCTb BbITEeRAaEeT U3 (baHTa, YyTo
tr(p~top~tw) = tr(p~/2vp~/2p~2yp~1/2) = tr(w?)

cw = p 2up~ 2 u tr(w?) > 0, eciu v # 0. Ecim ¢t — p(t)
ABIfAeTcA Kpuboil B Pos,, To NpousBogHas OT [JIUHBI 3afaeTcA
BbIpakeHUEM

(%)2 = te(p~ ()P (£))?,

CORpalleHHO
ds® = tr((p~"dp)?).
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Ha3zoBeMm BBeleHHY!O Bblllle METPURY Mempukoll caeda. Eciu
a: [a, b] = Pos, — kpuBas B Pos,,, Tora ee anmnta onpenenferca
no gopmyie

b
L) = [ 1o/ (Olao .t

[Cm. kommenmapuil 6 koHuye §4.] JaHbl 1Be TOUKH p1, p2 € Pos,,
onpefeluM paccmosuue d(p;, p2) Kak inf (HauMeHbIIag HUMKHAA
rpaHb) JJIUH BCeX KPUBBIX (, COEIUHAMIOIIUX P; U py B Pos,. Bee
KpHBbIe pejnoaarapTesa Kycoudo C1, T. e. ¢ HellpepbIBHBIMU IPO-
U3BOJHBIMU. B KauecTBe mpocToro ynpaxHeHUA 10 MaTeMaTHhuec-
KOMY aHalu3y MOKHO J0Ka3aTb, UTO 3TO ompejeifseT (pyHKIUIO
pacctoaHuAa Ha Pos,, a uMeHHO, oHa OoJibllle 160 paBHa HYIIO,
CUMMeTpPUYHA U YIOBIeTBOPAET HepaBeHCTBY TpeyroibHuKa. Ta-
KUM obpasom, Pos,, ABlAeTcA MeTpUUYeCKUM MPOCTPAHCTBOM.
Teneps nepeiiieM K OCHOBHOII TeopeMe.

Teopema 2.1. JrcnoHeHyua.rbHOE 0mMOOpaXceHUE ABAACTMCA
HeybbleaULuM N0 Mempuke.

llokazaTenbcTBO GyIeT aHO B cliefyiolieM naparpade. 31ech
MbI CliejlaeM HeCKOIbKO KOMMeHTapues.

[Ipex e Bcero, CBOMCTBO yBeIUYEHUA METPUKN MOET GbITh
oOGHapy#eHo B OeckoHeuHo ManoM MacmTtabe. T.e. and Bcex
v € Sym,, IycThb

exp’(v): Sym,, — Sym,,

o603HavyaeT MPOU3BOJHYIO BDKCIOHEHIUAJIbHOTO OTOoOpaxkeHud
B Touke v. Takum o6Gpasom,

; . exp(v + tw) — exp(v)
exp (v)w = lim :
t—0 t

Torga exp’(v) ABIAeTCA NTUHEHHBIM OTOOpameHUEM, U CBOWCTBO
yBeIndYeHnud MeTPpHUKHU yTBepHgaeT, 4YTO A BCeX W € Symn Ino-
Ty4HUM
< !/
e < | X (0)0]exp o

CaemoBaTenbHO, 0OpaTHOe oToOpaxeHue ABJIAETCA HeBo3pacTalo-
MM [0 MeTPHUKe. JTO BLINOJHAETCA IJA MPOU3BOAHBIX, HO TOI'Ja
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ATO TaK:Ke BBINOJHAETCA IJA QYHKIMU paAcCTOAHUA, KoTopad AB-
adetcA inf AAMH KPUBLIX, U JJAWHA OlpeaelleHa B TepMUHAX IpoO-
M3BOJIHOIl OT KPUBOW.

CaencrBue 2.2. Pos, sasagemca noamvim mempuieckum
npocmpaucimeom.

TOKA3BATEJILCTBO.

Oycte {p,} — nocaenoBatenvrocte Komu B Pos,, p, =
= exp(vn), v, € Sym,,. [lo cBoiicTBY HeBO3pacTaHUA MeTPUKH,
{v,} cxonuTea K HeKoTOpomy v € Sym,,. Ilo HenpeprIBHOCTH cpa-
3y moixyuduM, 4to {p,} cxogurca kK exp(v).

Onpenenum NpAMYIO, IPOXOAAIIYIO Yepe3 Hayajlo KoOpaUHAT
B Sym,, kKak o6b1uHO. Bo3bMeM «BekTOpY v € Sym,,, v # 0, u npA-
Mas, IPOXOoJAliafd yepe3 Havajl0 KOOpAUHAT B HalpaBIeHUHU U AB-
nfAeTcA KpuBoit t — tv (t € R). [lnA TakMX MPAMBIX CYIECTBYET
6ojiee cUIbHAA Bepcud TeopeMbl, yeM Teopema 2.1.

Teopema 2.3. JrcnoHeHuuaavHoe omobpaxceHue exp:
Sym, — Pos, corpansem mempury nHa npamoil, npoxodaweil e-
pe3 Havaao koopdunam. Fcau p € Pos,, p = expv, v € Sym,,,
moeda d(e, p) = |v|tr-

HOKA3ATEJILCTBO.
Takaa npAmas uMmeeT Buj t — tv ¢ HEKOTOPBIM v € Sym,,,
v # 0. Ham Hy:KHO J0oKa3aTb, YTO

2

|v|%r - |eXp,(tv)v|exptv°

3aMeTbTe, 4TO

n,n
% exp(tv) = exp’ (tv)v = % tnqi
t'n,—l n
= z m’l) = eXp(t?))'U.
CrnemoBaTenbHO,

| exp’ (£0) gy 10 = tr(((exp tv) ™ (exp t0)v)?) = tr(v?) = Jolg,

UTO U JORKAaaLbIBaeT IlepBoe yTBepAJeHue. [ |
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UTo KacaeTcA BTOpOro yTBep:jaeHUdA, T.e. oOIleill Bep-
CUM TeOopeMbl, OHa MojyyaeTcA KaK NpuioxeHue TeopeMbl 2.1.
[lycTh p = exp v. 3aMeTbTe, YTO |v|t; — IJMHA OTpe3Ka IMPAMON
mexay 0 u v. Uro6el yBuaernb, uto d(e, p) = |v|tr, IyCTh o —
kycouno C' wkpusasa B Pos, Memay e u p naussl L. Ee o6pa3s
npu exp ! (T.e. log) aBnAerca kpusBoit Memay 0 u v. Kak mbl
3HaeM |v|¢, — paccroaHue Mexay 0 u v B Sym,,. Ilo Teopeme 2.1
log: Pos, — Sym,, ABiAdeTcA HeyBelnuuBamoIUM MeTpury. Cie-

AoBaTelbHO, 0] = d(0, v) < L.

CnemoBaTenbHO, 00pa3 Mpu OoToOpa:keHUU eXp OTpe3Ka NMpPAMOIi
Mexay 0 U v — BTo KpuBaAd MemAy € U p ¢ caMoii KOPOTKOH
OJAWHOH, UTO ABJIAETCA pPacCTOAHMEM MEKAY € U p. ITO J0Ka3bI-
BaeT OOIIYyI0 BEPCUIO TeopeMbl 2.3. [

I/ICHOJIb3yH ABe€ BblIelpuBeJeHHble TeOopeMbl, MbI MO:MEeM
AORKRa3aTb 3aKOH IIoJiyliapaiejorpamMmMa «B Haydalle KOOpIAHnHarTy,
a UMEHHO:

Teopema 2.4. Ilycmov v1 € Sym,,, v1 # 0; v3 = —v1; X1 =
= exp(v1), 2 = exp(vy) u z = exp(0) = e. Toeda daa awbozo
v € Sym,, u x = exp(v) noayium

d(x1, 22)? + 4d(x, 2)* < 2d(=x, ©1)? + 2d(z, z2)>.

HOKA3ATEJILCTBO.
B BeHTOpHOM HpOCTpaHCTBe Sym nMeeM B TOUHOCTU 3aKOH
napannenorpaMMa

d(vy, v2)? + 4d(v, 0)® = 2d(v, v1)? + 2d(v, v2)?,

rae d(v, w) = |[v—wl¢ 014 v, w € Sym,,. [Ipu srcnoHeHMATEHOM
oTOOpameHuu PacCTOAHUA B JIEBON 4aCTH COXPAHAIOTCA 10 Teope-
Me 2.3, ¥ pacCTOAHUA B MPaBOil YaCTU YBEIUUUBAIOTCA, TI0O3TOMY
MbI MOJIYYUM B TOYHOCTH 3aKOH Moiymnapaiieiorpamva B Pos,,
TeM caMbIM [OKa3bIBasf TEOPeEMY. u

YTob6bl yBUAETH, uTO Pos,, ABIdeTcA npocTpaHcTBoOM bproa—
Turca, HaMm ocTanoch NOKa3aTh, YTO BbIIIENPUBEJAEHHbINH Pe3Yilb-
TaT B Hauajle KOOpJUHAT BepeH MOBCIOAY, UYTOObI B TOUHOCTH CO-
OTBETCTBOBAThH onpejeienuto. [lasa storo Tpebyetea, utobsl Pos,,
ABJIAJOCH OJJHOPOJAHBIM MPOCTPAHCTBOM, UTO MbI ceifuac u obcy-
OUM.
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I'pynna G = GL,(R) o6patrumMbix MaTpull JefAcTByeT
Ha Pos, ciaegyomum ob6pazom. llna g € G onpepenum [g]:
Pos,, — Pos,, o ¢popmyne

[glp = gplg nna p € Pos,.

Kax o6bpiuno ‘g o3HayaeT TpaHCIOHUMPOBAaHHOE g. 3aMeTUM,
4TO [g]p HeNCTBUTENLHO TMOJOMUTENLHO, MOCKOMbKY [JIA BCEX
£ € R" ana cranapHoro npousBefgenus ( , ) Ha R" umeem

([glp€, &) = (gp*gt, &) = (p'g¢,"'gt) > 0.

HemennenHo npoBepaeTcA, UTo 0JA g, g1, &2 € (G BBINOJIHEHO

g7 =1[g"" u [gig] = [g1]lg2]-
HOCHOJII)Hy, KaK MbI OTMETHUJIN paHbllle, Kaxmgad IMoJOoxKUTeJbHaAd
ManI/II_Ia ABJIAETCAH HBaI[paTOM MNOJOUTeNbHON ManI/IIIBI, N3 3TO-
ro ciengyet, uto (G geficTByeT TpaH3uTHBHO Ha Pos,. To o3Haua-
eT, UTO 1P 3aJaHHBbIX p1, p2 € Pos, cymectByeT g € (G Takad,
uTO [g]p1 = po. HelicTBUTENBHO, €ClM p = ¢° ¢ MOIOMKUTENLHOH ¢,

Toraa p = [qle. Ecnu py = [q1]e ¥ pa = [gz]e, Toraa p2 = [g2q; *]p1.-

Teopema 2.5. Accoyuayus g — [g] aeanemca npedcmas.ae-
Huem G e epynne uszomempuii Pos,, m.e. kaxcdas [g] asisemcesa
usomempuelil.

HOKA3ATEJILCTRBO.

[Ipemae Bcero 3aMeTHM, UTO [g] Tak:ke MOKeT paccmar-
pUBaTbCA KaKk oToOpaxeHHWe Ha BCEM BEKTOPHOM IIPOCTPAHCT-
Be Sym,,, U 3To oToOpaseHue ABIAETCA JUHEHHbIM, Kak (QYyHK-
nuA oT Takux matpull. CiegoBaTelbHO, €ero Npou3BoAHAA AaeTcA
dbopmyioi

(8] (p)w = gw'g nna Bcex w € Sym,,.

Tenepb mpoBepuM, uTO [g] coXxpaHAET cKalApHOe MPOU3BEIEHUE
uin Hopmy. Umeem

[e]' (p)wltyy, = tr((([glp) ' gw'e)?) = tr(((gp’e) ~'gw'e)?) =
= tr(tg p g lgwigtg T p g gwle) =
= tr(*g~p fwp~ wlg) = tr((pT w)?) = |wl?,

4YTO U JORas3bliBaeT TeopeMy. [ |
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TeopeMa 2.6. Omobpasxcenue p — p~ ' asasemca uzomem-

puei.

I[OEASATEJIBCTBO.
HOH&B&TGHBCTBO ocTaeTcCHd B KayecTBe yIIpasiHeHHUHA JynuTarTe-
110, ITO ITPOCTO aHa/IM3 Ha BEKTOPHBIX IMpOCTpaHCcTBax. [ |

Teopema 2.7. Illpocmpancmeo Pos, ¢ mempukoil caeda se-
aaemcsa npocmparcmeom bpwoa— Tumca, m. e. ono ydosaemeopaem
3aKOHY NOAYNAPAALCAOZDAMMA.

JTOKA3ATEJILCTBO.

llokazaTeqbCTBO 3aKjJIOyaeTcA B IepeHoce Teopembl 2.4
Ha npousBoabHble TOYKHU. [lockonbKy »sineMeHThl (G IEHCTBYIOT
KaKk W30METPUU, JOCTATOYHO OyJeT [JoKaszaTh, 4TO IPHU 3ajaH-
HBIX Z1, T2 € Pos, cymectByer g € GG Takas, uto g(x1) = exp(vy)
u g(re) = exp(—wp) nna Kakoro-to v; € Sym,,. Ho, Bo-mepBbiX,
M0 TPaH3UTHBHOCTYU MbI MOeM HalTu h; Takoe, uTo hi(z2) =€
u hi(x1) = p nna kakoro-to p € Pos,. Tenepn p~1/* € Pos,,
1 MycThb he GymeT oToOpaxeHHEM

ho: x — p_1/4:13p_1/4,

noatomy hy = [p~1/4]. Toraa ha(e) = p~/2, ha(p) = p'/2. Cre-
noBaTelbHO, hy o hy = g oToGpamaeT x; Ha p'/? u x, uHa p~1/2.
T. K. cymecTByeT Kakoe-TO vy, Takoe, 4To p = exp(v;), TO MEI
MOy YNJIU HYy#HBIA HaMm 31eMeHT g € G. JTo 3aBepliaeT J0Kasa-
TeJNbCTBO. u

Takum ob6pa3oM, eJUHCTBEHHafA Belllb, KOTOPYIO OCTAajoCh
caelaTh B CBA3M C 3aKOHOM IMoJIynapajiejorpaMmma — 3TO JO-
KaszaTb Teopemy 2.1, 4To MbI cJellaeM B cleylolieM naparpade.
OpgHaKo, CyIIeCTBYeT ellle OJUH pe3yJbTaT, KOTOPhIM He 3aBUCHUT
OT ITOr0 3aKOHA M KOTOPLIH ABIAAeTcA GyHIaMeHTalbHbIM. XOTHA
3aKOH IoJlynapalljelorpaMMa ocTaeTcA B IIeHTpe Hallero o6cy#-
IeHUA, MbI IPUBeAEM 37eCh 3Ty PyHAaMeHTalbHYIO TeopeMy. ITO
ABHaA ¢opmyia, Jaloliasa paccToOAHME MeEMKAYy ABYMA TOUKaMU p
u q B Pos,,.

Teopema 2.8. Ilycmv ay,...,a, — KOPDHU NOAUHOMA
det(tp — q). Tozda

d(p, ) = Y _(logay)*.
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JTOKABATEJILCTBO.

Crmoco6 mokasaTenbCTBA MOX0 Ha TOT, KOTOPBIA MCIOAb30-
BajicAd IIPU J0Ka3aTelbCTBe TeopeMbl 2.7 MPU MCIOJb30BaHUU Ie-
PEHOCOB.

Bo-nepBbix, M0A0#UM p = e (eAMHUYHAA MaTpuna) u q = d —
auaroHajlbHag MaTpUIa ¢ KOMIOHEHTAMH A1, ... , Gp. ILycTh v —
nuaroHaibHad MaTpuila ¢ KoMIoHeHTaMu loga; (i =1, ..., n).
Torna d = exp(v). Ilo Teopeme 2.3 monyuum

dPos(ea d) — dSym(Ov 1)) — |v2|tr = Z(log a'z')za

TakUM o0pa3oM, JoKasbiBad (GopMyly B 3TOM cilydae, Mbl CBe-
neM oOmuil ciaydaii K BbINIENpUBEAEeHHOMY 4YacTHOMY CJIyualo.
Mb1 yTBep#/aeM, 4To cyuiecTByer g € (i, Takoe, 4To [g]p = e
" [glq = d — nuaronanbHad. [JelicTBUTENbHO, MBIl MO#€EM CHavaja
MIepeHecTH P B e, UCIOIb3yA HEKOTOPHIi 3leMeHT hy € (G, mosTomy
6e3 motepu OOIIHOCTU Mbl MOM#€EM MPEeANoN0#UTh, UTo p = e. Cy-
IecTBYeT OPTOHOPMHUPOBaHHLIH 6asuc B R™, KOTOpLIH quaroHaiu-
3yeT ¢, MO3TOMY CyIlecTBYyeT AUaroHajlbHasA MaTpulia d U BemlecT-
BeHHafA yHUTapHafA maTpuia k (coxpaHAomaa eBKIUJOBY HOPMY
B R") Taraa, uyto q = kdk™! = kd'k, nockonbry 'k = k~1. Ho
e = kk™! = k*k, nostomy BBIGOD [k]q NOKa3bLIBaeT Halle yTBEpH-
nenve. Haronen, us ypaBHenuil qp'g = e u g¢*g = d c nuaro-
HaJbHOW MaTpuueil d MpI nonyuuM p = g~ g™t u g = g7 ldlg™?,
MIO3TOMY

det(tp — q) = det(tg g™t — g td'g ') = det(g) 2 det(te — d).

[TosTomy kopHu det(tp — q) Te #e camble, 4To U KopHU det(te — d)
u dist(p, q) = dist(e, d). ITo u goKa3bIBaeT Teopemy. u

CBoiicTBO yBeJlUeHUA MEeTPUKU IJIA
3KCIOHEHIIMAa/TbHOT0 OTOOpasKeHUuA

JToT naparpad nocpsileH JoKa3aTelbCTBY TeopeMbl 2.1, cie-
nyd, B cymHoctH, [Mo 53]. Ucnoas3yem cokpaiieHue

Mat, (R) = &.

Mpe1 6yneM nucaThb Sym BMecTO Sym,,.
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[Iyctb v, w € &. Onpeaenum

Fy(w) = exp(—%) ~exp’ (v)w - exp(—%) = 72 exp/ (v)we /2.

3aMeTbTe, 4TO

exp’ (v)w = % exp(v + tw)

t=0

HeHOCpeﬂCTBeHHO n3 OHpe,HeJIeHI/Iﬁ nojlyydyaemM

exp’ (v)w = Z % Z v wov’. (1)

n=0 r4+s=n—1

T. K. cTeneHu ajleMeHTa KOMMYTHUPYIOT Me#ay coboii, oTMe-

THUM, 4YTO exp(—%) KOMMYTHUPYET Cco cTeleHAMU v", v°.

Jdemma 3.1. Omob6pasxcenusn F, u exp'(v) cummempuinsl no
OMHOWeEHUIO K tr-ckaaapHomy npouseedenuio Ha <. Ecau v € Sym,
moezda F, u exp'(v) omobpaxaiom Sym e camo ceos.

HOKA3ATEJILCTBO.
O6bp1uHasA npoBepKka gaeT OIA u, v, w € A

tr(Fy, (w)u) = i % Z tr(exp(—%)vrwvs exp(—%)u) =

n=0 r+s=n—1

— i % Z tr(wo’ exp(—%)uexp(—%)vr) =

n=0 r4+s=n—1
= tr(wkFy,(u)),
v

T. K. exp(—i) KOMMYTHUDPYeT ¢ v" U v®, 3TO 3aBeplIaeT JoKa3a-

TeJIbCTBO TOr0, UT0 F), CHMMeTPHUYHO 110 OTHOIEHHUIO K tr-cKalfAp-
HoMy mpousBenenuio. Eciu v € Sym, To dopmyna (1) mokasbiBa-
eT, uTo F), oToGpamaer Sym B camo cebA. Y TBep#aeHud o exp’ (v)
[I0Ka3bIBAIOTCA [0 TOMY e MabIoHy. u

Onpenenum jeBoe ymHosxkenue L,: o — &, L,(w) = vw
u R, — npaBoe ymHosenue. llycts D, = L, — R,,, moaTOMy

D,(w) =vw —wv = [v, w] anda Bcex v, w € .
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Jemma 3.2. [lycmv v € Sym. Toeda D? cummempuuno
Ha Sym. /pyeumu caosamu, 0as ecex w, u € Sym umeem

2 _ 2
<U'7 Duw>tr — <Dvua w)tra
uaAu anucaHHoe 0pyeum cnocobom

tr(u D?w) = tr(w D>u).

HOKA3ATEJILCTBO.
HOP{aSaTeJIbCTBO CHOBAa pyTI/IHHoe, a UMEeHHO

D,(w) = vw — wv,

D2 (w) = v’w — 2vwv + wv?,
(D2w)u = viwu — 2vwvu + woluy,
w(D?u) = wvu — 2wouv + wuv?.
[IpuMeHsAA tr K 9TUM ABYM HOCIEJHUM BbIPa#eHUAM U UCNONb3YA
ero OCHOBHOE CBOICTBO tr(zy) = tr(yx), monyyaeM NOKa3aTeIbCT-

BO JIEMMUBI. [ |

HanomHuM, 4TO cUMMeTpPUUYHBIN omepaTop B Ha BeKTOp-
HOM IPOCTPAHCTBE C MOJOMKUTEIbHO ONpeAeleHHbIM CKalAPHBIM
npou3BedeHeM Ha3bIBAeTCA HeOmpuuamelbHbvimM U 3aluchiBaeT-
cA B > 0, eciin BbINOJHAETCA

(Bw, w) >0

IJA BceX w B MpocTpaHcTBe. 3aTeM onpenenum By > By, ecin
By — Bs > 0.

B nocaenyroiux qokasaTeibcTBaX BOCHOJAb3yeMcA ABYMA OC-
HOBHBIMH CBOHCTBaMM.

CnekTpanbHoe cBoiicTBO. Ilycth M — cuMMeTpuYHOE
JuHeliHOe oToOpaxeHre KOHEUHOMEPHOro BEKTOPHOrO IMpPOCTpPaH-
cTtBa Hag R c nojoxuTeIbHO OoNpeAeleHHbIM CKaJfAPHbIM MPOU3-
BegenneM. Ilycts b > 0. IllycTs f (t) — CXOOAMUNCcA cTelleHHON
pAx, Takoii, uTo fo(t) > b masA Bcex ¢ B UHTepBale, colep:alieM
co6cTBenHble unciaa M. Torna fo(M) > bl.

JTOKA3ATEJILCTBO.
llorasbpiBaeTcA cpa3y e AuaroHaiausanueil JUHeHHOro oTo-
OpaeHUA 0 OTHOIIEHUIO K Oasucy. |
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A Tagrmxe:
CBoiicTBo IIIBapia. [Ia1a Bcex v, w € Sym

tr((vw)?) < tr(v?w?).

IIJIH y,HOGCTBa qyuTartelli Mbl HAIIOMHUM JORKa3aTeJLCTBO.

HJOKA3ATEJILCTBO.

MaTpuibl (AvHeliHbIe 0TOOpa#eHUA) ¥ U w MOTYT ObITh OJ-
HOBPEMEHHO AuaroHajln3oBaHbl, €C/IM OJHa U3 HUX IIOJOHUTEJIBbHO
olpejgelieHa, 1 B 9TOM ClIydae HepaBeHCTBO IKRBHUBaJeHTHO 00bIY-
HoMY HepaBeHcTBY IlIBapua. Ecau o6e MaTpulibl CUHTYJIAPHBI, TO
MO HO pacCMOTpPETb Marpungy w + ge, rge € — eaInMHru4YHad Mat-
puta u € > (0. Torga w + €e HecuHrylApHaa [Jd BceX J0ocCTa-
TOYHO MaJbIX &€ 7& 0, u Torga MoHO MCIOJb30BaTh NMpPeabIAYIIUM
HeCI/IHFYJIHprIﬁ cnyqaﬁ C nocjeayronmuM BLIYUCIEHHUEM IIpenela
Inpun € — 0. 10 daBepmaeT Jora3aTeJIbCTBO. [ |

Onpegenum dopmanbHbIl CTENEeHHON pAL:

i (¢/2)** _ sh(t/2) _ exp(t/2) —exp(-t/2)

TO=2 Grvmi = 12 :

k=0

3ameTuM, uto L, u R, KOMMyTupyIOT Meay coboil U MO3TOMY

(%) =en() (1)

Mb1 momeM BoruuciautTh f(D,). T.k. numb yeTHble cTenenu D,
BO3HMKAalOT B CTeNeHHOM DpAje [dA f, clefoBaTelbHO €ciH
v € Sym, to f(D,) orobpaxaeT Sym camo B ce6A u onepaTop

f(Dy): Sym — Sym

CUMMETPHUYHBIN 1A tr-cKaJlApHOro Npou3BedeHUA.
Jdemma 3.3. Jasa awovix v € o umeem Dy F, = D, f(D,).

JOKABATEILCTBO.
Hycts ¢t — x(t) — raagkasa kpusas B «/. Torna

z(expx) = (expx)x.
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IuddepeHnupoBanre obenx CTOPOH AaeT

' expx + z(expx) = (expz)'z + (expx)z’,
U M03TOMY

' expx — (expx)z’ = (expz)'z — z(expx)’.

YMHo#af JeBylo U NpaBylo yacTh Ha exp <—%> 1 UCIMOJb3yA TOT
dhaKT, UTO £ KOMMYTHUPYET C exp(—%), IPUXOAUM K BbIpameHUIO

o5 on(g) -en(B)eon( 5=
= exp(—%) (exp x)’exp(—%)x — wexp(—%) (expx)’ exp(—%).

T.k. L u R, KOMMyTUpPYyIOT, MOJYUYUM

() = exn(5) (),

nmos3ToMy (2) MoeT ObITh 3alUCAHO B BUIE

(exp(%) — exp(—%))x' =D, F,x'. (3)

Tenepb Bo3bMeM KpuBYyio x(t) = v+tw ¥ BRIYMCIUM MpeabIayIiee
paBeHcTBO B t = 0, moaTomy x'(0) = w, 4To 3aBepiaeT A0Ka3a-
TeJIbCTBO JIEMMBI. N

Teopema 3.4. [lycmov v € Sym. Tozda F,, = f(D,) Ha Sym.
CaedosameadvHo, daa w € Sym, noayium

exp’ (v)w = exp(%) - f(Dy)w - exp(%).

IOKA3ATEJIBLCTBO.

Oycts hy, = F, — f(Dy). Torpa hy,: Sym — Sym — cum-
MeTpHYHOe JINHEelHoe oToOpameHue, U ero ob6pa3 COAEpPRUTCA B
noanpoctpanctBe £ = Ker D, N Sym. T.k. Sym — KoHeuHo-
MepHOe, OHO AIBJIAeTCA MPAMOM cyMMoii /' U ero opTOroHalbHOI'0
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nornonenns E+ B Sym. Ilockoabky h, — cHUMMeTpHUYHOE, OHO
oTobpaskaer E+ B E+, Ho h, Takme oToOpamaer E+ B E, nos-
Tomy h, = 0 Ha E-L. lononHuTenbHo F — KOMMYTaHT v B Sym
u, ciefoBatenwho, f(D,) =id = F, ua E, nosatomy h, = 0 Ha E.
CnegoBaTtenbHo, h, = 0 Ha Sym, 3aBepiad TakuM o6pa3oM JI0Ka-
3aTeJbCTBO TEOPEMBI. N

Teopema 3.5. [lycmv v € Sym, mozda D2 — neompuua-
meavroe u f(D,) > 1.

HJOKA3ATEJILCTBO.
ITo nemme 3.2 pasa w € Sym BBLINOJIHEHO

(D2w, )i, = tr(wvw — 2vwvw + v2w?) = 2tr(v?w? — (vw)?).

O3TOMY HeoTpuuarenbHocTh D? BhITekaeT u3 cpoiicTBa IllBap-
na tr-craiafapHoro npousBeaeHuA. Tenepb MoxeM 3anucaThb

ft) = fo(t*),

rae fo(t) — oueBUIHbIN CTENEHHOM PAJ C MOJOMUTETbHBIMU KO-
dunnentamu. 3ametrum, uto fo(t) > 1 naa Bcex ¢ > 0. [losTomy
13 CIEeKTPalbHOI'0 CBOHCTBA CTENEHHOrO pAja clelyeT, YTO

f(Dy) = fo(Dy) 2 I.
JdTo U daBepuiaeT JoRa3aTeJbCTBO. [ |

Teopema 3.6. JrcnonHeHuuaavHoe omobpaiceHue exp He
ymeHvwaem tr-wopmy Ha Sym, m.e. 0aa v, w € Sym, 8bvlOU-
pas p = exp(v), umeen

[wlg, = tr(w?®) < tr((p™" exp’(v)w)?) = |exp’ (v) w4

HOKA3ATEJILCTBO.
HpaBaﬂ yacTb BbIIJ_IeIIpI/IBe,HeHHOFO HepaBeHCTBa paBHa

((p~ exp/ (0)w)?) = tr((exp( 52 - exp()u- exp(F2)) )=
= tr(Fy(w)?) = |f(Dy)wlg,
no tTeopeme 2.4.

HpI/IMeHeHI/Ie TeopeMbl 3.9 daBepmaeT gJorasaTeJbCTBO. [ |

5 C.Jlenr
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CaenctBue 3.7. /Jlaa kasxcodozo v € Sym omobpaxceHus
F, u exp'(v): Sym — Sym

AUHELHble asmoMOPPHUIMbL.

TOKA3BATEJIBLCTBO.

Teopema 3.6 orasbiBaet, uto Kerexp'(v) = 0 u exp’(v) —
NTUHEHHbIH uzomMopdusm. Torga ciemyer yTBepsaenue mia F,
MocKoIbRy F, cocTaBieHo U3 exp’(v) U MyNbTUININKATUBHBIX Tie-
PEHOCOB ¢ IIOMOLILIO 00PaTUMBIX 3JIEMEHTOB B Sym. dTo 3aBep-
aeT J0Ka3aTelbCTBO. u

3amMeTuM, 4TO TeopeMa 3.6 3aBeplllaeT JOKa3aTeJlbCTBO TE€O-
peMbrI 2.1. [

I/ICTOpI/I‘-IeCRI/Ie IpuMe4dYaHMnHA

IIpencraBineHue BBINIEN3JIOMEHHOI0 MaTepuajda B CYIIHOCTHU
cileayeT MyTU, oOpaTHOMY ucTopudeckoMy. IlouTu cTonerue mno-
TpeboBalioch, UTOOLI olpejieieHHble Her MOJYUYUIU UX MOJHYIO
0OIIHOCThL W MPOCTOTY.

HcTopuyeckn pa3BUTHE ITHUX HAel Haualoch B KOHIlE [e-
BATHanauaToro Beka. Kaunren6epr [Kl1 83/95] yTBepsmaaet, uTo
¢oH MaHronbj B CyIIHOCTH [IoKa3aj TO, UTO cefiuac Ha3bIBalOT Te-
opemoii Raprana— Agamapa aiad noBepxHocteii [vM 81], Ha 15 neT
paHbiiie, yeM 3To cpaeian Amamap [Ha 86]. B meiicTBuTennHoc-
T ¢oH MaHroabj ccbllaeTcA Ha NMpeAblaAyle paboThbl, HAKCaH-
Hble IpYTMMHU YyUeHbIMU, Ajamap ccbliiaeTcd Ha ¢poH MaHroabara,
u Rapran [Ca 28/46] ccbuiaerca Ha Anamapa (KRapran paccmar-
pUBaeT NpPOU3BOJILHbIE pUMAHOBLI MHOT006pa3ud). fl He umen Bo3-
MOKHOCTH MPOYUTATh OPUTHHANbHbIE CTAThH.

Xenwracon [He 62] moayuun noxasaTenbcTBo TeopeMbl Rap-
TaHa 0 HeMOoJABHU:KHOI Touke, cilieayf ujgeam HKapraHa, cM. 0GHOB-
neHHyto Bepcuio [He 78|, rnaBa 1, Teopema 13.5, a uMeHHO: Ha pu-
MaHOBBIX MHOT0006pa3ufiX HeMoJOKUTeAbHOU KPUBU3HbBI KOMITAKT-
HaA rpyInia u3oMeTpuit uMeeT HeMoABUMHYIO TouRy. lleabio Kap-
TaHa ObLJIO MOKa3aTh, YTO Bce MaKcHMallbHble KOMIAKTHbIE MOJ-
rpYMIbI HONynpocToil rpymnmsl JIu conpaxennsie. Moctoy [Mo 53]
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MOy YU MoXoee yTBep##aeHue, HO B 6ojiee orpaHUYeHHOM KOH-
TekcTe. OHU HMCHOAb30BaIM IEHTP Macc BMECTO KPpYToBOI'o IeHT-
pa.

3arem bproa u Turc [BrT 72| chopmyaupoBaiu cBoOIO Teope-
MY O HEeIOJBUMHOI TouKe (3ech chopMYIMPOBAaHHYIO Kak Teope-
Mma 1.2), ycTaHOBUB yClIOBHA 3aKOHA modynapanienorpamma. Cepp
MCIOJIb30BaJl Bapuanuio UX J0Ka3aTelbCTBa U GOPMYJIUPOBRY Te-
opeMbI 1.1, 4TOOBI JOCTHUYL TEKYIIEr0 OKOHUYATEILHOrO pe3yJb-
TaTa ¢ O4eHb MPOCTHIM JOKa3aTelbCTBOM, BHKIIOUYEHHBIM B 3TY
kuury. fI He 3Hato, rae Cepp onyOaMKOBalI 3TO, HO CChLIAIOTCA Ha
B TOYHOCTHU Ty ke popmynupoBry y Bpayna [Bro 89|, riasa 6,
TeopeMa 2, § 5. Takum obpaszoM, TMHUA pa3MbIILIEHU, HAYaTbIX
CToJeTHUeM paHblile, NMpuBejla K ¢yHAaMeHTalbHOI MpPOCTOil Te-
opeMe 0 MeTPUYEeCKHX MPOCTpPaHCTBAX. YCJIOBUE KOMIAKTHOCTU
CMEHWJIOCh YCJIOBHEM OTpaHUYEHHOCTH, W OoJiee CJI0xKHOe TMOHA-
THe KPUBU3HBI CMEHWJIOCH 3aKOHOM MoJIylapaJjiielorpaMMa.

[lonoAHUTENbHO IIEHTP Macc, KOTOPbIii BO3HUK B yTBep:#/ie-
Huu Kaprana (u apyrux, clefymomuX eMy), 3aMeHeH KPYTOBBIM
neHTpoM, cienyda bpiwoa—Turcy.

Bpioa u Tutc B geficTBUTEIbHOCTU NPOCTO OXapaKkTepu30Ba-
W CBAA3HbIe PMMaHOBbI MHOI'000pas3uf ¢ HEMOJNOMUTEIbHON Kpu-
BU3HOI 3aKkoHOM moaymnapainenorpamMmma [BrT 72]. C storo mo-
MeHTa TeOpUA KPUBHU3HBI A METPUUYECKUX MPOCTPAHCTB, a He
MHoroo6pasuii, pasBuBaiach OT/IeIbHO, C pacliipPeHHbIM U3J0:e-
HueM y Boamana [Ba 95], comepsamum teopemy 1.1. Boaman
ccblinaeTcd Ha Bpayna mo Teopeme 1.1, cm. [Ba 95], Teopema 5.1
u npenjoxenve 5.10 raasel 1.

Pa3BuTue Teopuu ciMMeTPUUHBIX IPOCTPAHCTB ABIAETCA 3a-
cayroit Raprana [Ca 28/46] u [Ca 51]. MocToy npuBea oueHb aie-
raHTHOE U3J0#eHue HEKOTOPhIX pe3yibTaToB Kaprana B [Mo 53],
1 J0Ka3aTelbCTBO, MpeACcTaBleHHOe B §3, B CyI[HOCTH, B3ATO U3
uzioxenua MocTtoy.

B cranmapTHoM 6a30BOM Kypce aHajlu3a olpejelfeTcA es-
Kaudosa dauHa KPUBOIl B OTKPLITOM MHo#ecTBe U B RY kax

b
L) = [ o)) dt,

rJe HopMa — cTaHJapTHaA eBRJIMJ0Ba HopMa. B KoHlle neBATHa-
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AIaTOT'0 CTOJEeTHUA pas3iuyHble JIOAU MCKalu reoMeTpUio, OTINY-
HYI0O OT eBRJIMIOBOI, U paccMaTpHUBalu IepeMeHHble MeTPUKHU,
rgje MeTpUKa B KamJA0i TOUKe 3aBUCHUT OT TOUKHU. IIpocThie npu-
Mepbl MepeMeHHOH HOPMBbI y#e MOMHO BCTPETUTb B HEKOTOPHIX
Kypcax.

Hanpumep, nyers D — enuuuunsiii kpyr B R2. JuA kas-
noit Touku x € D nycTb r = || — eBKIUIOBO paccTOAHHE OT
eHTpa KOOpAMHAT. 3anaH BekTop v € R2. OnpeneluM Mempuky
Jlobavescrozo unu Illyaurape rar

1

]. — 7'2 |v|euC7 r= |$| = \/ CL’% + x%'

Takum o6pasoMm, |v|, 3aBHUCUT OT pacCTOAHUA OT [eHTpa
u |v|, — 00, Korga |x| — 1. 3aBUCUMOCTBL OT = Ha €AUHUYHOM
Kpyre 10 Mpe#HeMy A0CTAaTOYHO MPOCTaA M0 CPABHEHHIO ¢ MeT-
PUKOIi cliefla B eBKIM/JOBOM IPOCTPAHCTBE Sym.

|v|:l: =

Ina cucTeMaTHUeCKOro H3JIOMEHUA TOro, Kak BKCIOHEH-
[lMajbHOE CBOHCTBO YBeJIMYEHUA METPUKM CBA3aHO C 3aKOHOM
mojiynapainenorpamMmma, cM. [La 99], roe pesyiabTaThl 00cysH#aa-
I0OTCA B KOHTeKcTe auddepeHnuanbHoli reomMeTpuu. 3aMeTHM,
YTO K3 BTOr0 KOHTEKCTA MOKHO TaKiie IMOJYUYUThb, UTO KPYT
c MeTpukoit JJobaueBckoro—IlyaHkape ABideTcA NPOCTPaHCTBOM
bpioa—Turca u, B yacTHOCTHU, yJOBJIETBOPAET 3aKOHY IoJyIa-
pamienorpaMmma. Yto6bl yBUAEeTh, YTO 3TOT IpUMep B CYHIHOCTHU
He OoTJMYaeTCA OT NMPUBEJEHHOr0 IpuMepa ¢ dKCHOHEeHIMalbHbIM
oToOpaneHrneM, norpebyercaA obiiaAd Teopud DKCIOHEHI[HMANIbHbIX
oTobOpameHuil, cogep:kaiiad o0e cUTyallil, KOTOPbIe allpUOPHO He
BBITJIAAAT MOXOMUMMU.
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I‘apMOHI/I‘-IECP{I/Ie U CUMMeETpHUUYeCRKIHe
ITIOJIMHOMBI

BepHemca K 6osee anrebpandeckoit Teme. Kypchl no nuHeii-
HOU anrebpe uau 1o oduei ainredpe AiA CTYJEHTOB JalOT OCHOBBI,
HO yallle BCero HeT BpeMeHM, 4T0Obl 3aHMMAaTbCA YIIyOJdeHHbIM
nu3ydyeHueM, Tpebyiomum oobeauHeHuAa maTepuaina. [IpeacraBinen-
HafA TeMa UWIIOCTPUPYeET KOHUENIUU U3 JTUHENHON aiaredpbl B KOH-
TEKCTe, KOTOPbIA BIUIOTH [0 CEroJHAIIHEr0 BpeMeHU u3yyalcA
JuIb acnupanTaMu. HeT HUUero cioMHoOro B JiloOOM U3 paccMoOT-
PEHHBLIX BOIIPOCOB, HO TaK#e, KaKk IPOCTPAHCTBO MOJOHUTEIBHO
olnpe/ieIeHHbIX MAaTpPUIl JaJ0 BO3MOMHOCTH HJA U3IJNOHEHUA UH-
dhopMaluy U3 CIOHHBIX KYPCOB aHaln3a, KOJbIO MOJUHOMOB U [1Ba
BaMHbIX MOJIMHOMECTBA — TrapMOHHUYECKHEe U CUMMeTpPUYeCKUue
MIOJIMUHOMbI — MPEAOCTaBJIAIT BO3MOMHOCTh A WIIOCTpaluu
KOHLeNUUN U3 JUHEHHOI anreOpbl, U, KOHEYHO #e, U3 MaTeMaTu-
YyeCKOro aHajln3a, CBA3aHHbLIX C YacCTHBIMH NMPOU3BOAHBIMU. [Ipu
paboTe ¢ MOJMHOMaMM aHAJIMTUYEeCKaAd 4acTh B OCHOBHOM HJLIIO-
3opHa. [IuddepeHiupoBaHe nojuHoMa ABJIAETCA UUCTO ajrebpa-
MUYECKUM NMOHATHUEM, Mbl MOMKEM ONpeAeJUuTh NPOU3BOIHYIO MOJIHU-
HOMAa OJHOM NMepeMeHHOil T Kak

d d
% Z:L’k = Zk‘xk_l.
k=0 k=1

AHanoruuHo AjnA TMoJWHOMa HECKOJIbKUX IepeMeHHbIX YacTHbIe
MPOU3BOJHbIe MOTYT ObITh ONpee/]eHbl aHaJOTMYHbBIMU UUCTO ajl-
rebpandeckuMu dopmyinamu. Hukakux npepaenos He noTpebdyeTcsd
IJIf OCHOBHBLIX TEOPEM 3TOW 4YacTH.

FapMOHH‘{eCRHe U CUMMeTpHU4YeCKHMe IOoJMHOMBI

Mpe1 6y,ueM paccMaTrpuBaTb INOJIWMHOMBI OT HECHKOJLKUX IIe-
PEMEHHBIX Haa BellleCTBEHHBIMH YHUCJIAMU. HGP{OTOpre OCHOBHEIE
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dbaKkThl MbI OyJeM MoJiaraTb U3BECTHBIMU U NPUBEJEM UX BO BBe-
nenuu. Illyctb nepemenHble 0603HavYalOTCA L1, ... , Ln. MHOMEC-
TBO BCeX MOJUHOMOB OT 3TUX IepeMeHHbIX C Bell[eCTBEHHbBIMU KO-
appunruenTaMu O0yaet o603HaYaThCA

Rlz1, ... 5 xp)-

[lonuHOM BHaa 23" - - - xI" GyneT HA3BIBATLCA NPOCIbIM MOHOMOM.
J1060i1 moJIMHOM MpeacTaBifeT co60il JUHEHHYI0 KOMOMHALWIO

— . oLyl
P(&1, s @) = ) Gy, ju @7 oo

¢ BellleCTBEHHbIMU Koap punnentamu c(;) € R. MbI 3anuiiem npo-
CTOM MOHOM B COKpallleHHOil opme

Mep(@) = a0 = aft -,

nosromy P(x) = ) c;)M;)(x). Cmenens M) () onpenenserca
Kak

Pasznnunubie MOHOMBI M(j) IaHHOH cTeleHU d NUHeillHO He3aBUCHU-
mbl Hajg R. [lonunom P(x), onpeneneHHbIN, KaKk YKa3aHO BBIIIE,
Ha3bIBaeTCA 00HOPOOHBILM, €CII BCe MOHOMBI ¢ HEHYJIEBLIMU K03 (d-
¢bueHTaM1d UMelOT oJuHaKoBYyIo cTenedb d. Hampumep, monau-
HOM

33 7 2

L1l — (X1T2T3

OJHOPOMHBIN cTenenu 4, Ho 313 s — T3 T2 He OMHOPOAHBIA. MbI 060~
3nauuM Pol(n, d) BekTopHOe mpocTpaHCcTBO Haj R, mopoxaaemMoe
MOHOMaMU cTeleHu d OT n NepeMeHHbIX L1, ... , Ln. [0 pa3mep-
HOCTb paBHa KOJIMYECTBY NPOCThIX MOHOMOB M (x) cTenenu d.
Mb1 He 6yaem ucnoiab3oBaTh 3TOT GaKT, HO HETPYAHO [I0Ka3aTh,
YTO 3TO YUCIO ABIAETCA OMHOMUAIbHBIM K03 puiueHTOM

n—1+4d
n—1

Ipyrumu ciioBaMu

n—1+4d

dimPol(n, d) = (" =~
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Mpb1 Mo:keM B3ATH MPOM3BOAHbIE OT MOJMHOMOB IIpU IIO-
MOIIM YAacTHBIX IMPOU3BOAHBIX, KOTOpble MbI 0003HAUMM Ue-
pe3 01, ..., O,. IIpu moacraHoBKe NepeMeHHOI B 0603HauUeHHE
3TU 4YacTHble NPOU3BOJHbIE CTAHOBATCA OOBLIYHLIMM YacCTHBLIMU
MIPOU3BOJHLIMMU

aiza?z;i’ i=1,...,m

YacTHad npousBoAgHad OT MOJMHOMa — 3TO ellle OJUH MOJUHOM.
Ecau P(x) — ogHopoaHnblii ctenenu d > 1, Toraa d; P — ofHOpo.-
HbI moavHoMm cteneHu d — 1 unu 0. Pazymeercsa, ecniu P umeet
crenedb (0, To P — KoHcTaHTa, u 0; P = 0 nid Bcex i. 3aMeTHM,
YTO MOKHO 3anucaTh JuddepeHInalbHbIA onepaTop B BUAe

P(04, ..., 0n),

HJIN CORpaleHHo P((‘)), T. €. Mbl MOsKEM IIOICTaBUTb HaCTHLIE IIPO-

M3BOIHbIE BMECTO II€pEeMEHHBLIX. Ina nwo6oro moauHoMa Q, ec-
i P = ZC(J-)M(J-), TO

P01, ..., 00)Q =) c(;0i -+ 0irQ.

Ilono:KuTeabHO onipeae/ieHHoOe CRal/lIApHoOe
IIponu3dBeJacHHuec

Onpenenum npuMep BEKTOPHOTO NMpOCTpaHCTBa €O CKalAp-
HBIM MPOU3BeleHneM, ucnoibiya Pol(n, d) u yacTHble NpousBo-
Hble cleAylomuM obpa3oM. InA IByX MOJIMHOMOB

P, Q ¢ Pol(n, d)

olpelelIuM CKraaAApHoe np0u3eeOeHue

(P, Q) = (P(9)Q)(0).
3aMeTHM, 4T0 GMIMHEHHOCTh MOMydaeTcA cpasy, T.e
(Pr+ P, Q) = (P17 Q) + (P2, Q),
(P, Q1+ Q2) = (P, Q1) + (P, Q2).

Eciau ¢ € R, 1o (cP, Q) = ¢(P, Q) = (P, cQ).
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Bosnee nHTepeceH TOoT (aKT, UTO CKajJlApPHOEe IMPOU3BeJeHHE
cUMMeTpuuHoe, T.e. (P, Q) = (@, P) naa Bcex 0JHOPOJHBIX IIO-
nuaoMoB P, () € Pol(n, d). IIlpoBepuTsb 3T0 CBOHCTBO JOCTATOUHO
nad ciaydas, korga P, () — npoctble MOHOMBI. Torga MbI HOJY UMM
ABHOE 3HaUYeHMe JJA CKaJApPHOro NMpou3BeleHU .

Ilyemv P = M;(x) u Q = My (x) — monomo. cmenenu d.
Ecau (j) = (k), mo

(M), M(jy) = ja!. . jn!
Feau (j) # (k), mo
(Mjy, M@y) = 0.

B wacmmuocmu, moHOMbL 00pasylom O0pmozoHaAbHbll 6asuc 0as
Pol(n, d).

JTORA3ATEJILCTBO.
[Ipennonoxum, uro (j) = (k). ITo o3HavaeT, 4To j; = k1, ...
eeey jn = kn. Torga

M (@) Mgy = 81* -+ din ] - adn,

Boiuncisad npousBoaHbIe 0GBIYHBIM CIOCOO0M, MbI HAXOAUM, YTO
MoJy YaeTCA 3HaueHue U3 yTBepmaeHus j1!. .. j,!. [lpeanonoxum,
uto (j) # (k), Torga ayuAa HeKOTOpOroO %: j; # ki. CrameM, ji # k1.
PaccmoTpum
J1 k1
o'zt

Ecau j; > ki, To Mbl B3fAau 6ojbllle TPOU3BOAHBIX, UeM CTe-

meHb X1, ¥ mo3Tomy noayuum 0. Ecau j; < k1, Torma aflx'fl paBHO

. k1—j
KOHCTaHTe yMHOKEeHHO! Ha ;' 7', T. e. ocTanach MOJOMUTelbHAA
cTeneHb OT x1. Berunciadem npu (z) = 0, moatomy x; = 0, ¥ MBI
noayuum 3HaueHue (. ITo JoKa3bIBaeT OPTOTOHAJILHOCTbH MOHO-

MOB U TakMme HOK&SBIB&GT, B qaCTHOCTI/I, yTo
<M(j), M(j)> > 0.

Mpb1 mpuxoguM K 3aKJIIOUYEHHMIO, YTO Hallle CKajJfApHoe Ipo-
n3BeJeHre CUMMETPUUYHO, MOCKOJIbKY CKajJApHOE NPOou3BeJeHUe
ABYX MOHOMOB cuMMeTpuuHo. CUMMeTpuA B o0lleM ciyyae cle-
ayeT U3 OUIMHENHOCTH.
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Mb1 Tak#e molyuyaeM MOJOMUTEIbHYIO ONpeeleHHOCTh U3
OMIMHEAHOCTU U U3 paKTa, YTo MIA C(j), ¢(x) € R

0, ecau (j) # (k),
— (k).

(eiy My ey Mry) = {c%j)jll,,,]n!, ecau (4)

[losTomy ecin P = Y ¢y M) # 0, T0

(P, Py =Y ¢ljyir!...jn! > 0.

Takum o06pa3oM, Mbl MOJYUYUJIU JOBOJbHO MHTEPECHBIA MPUMEDP
MOJIOKUTEIbHO ONpENeNIEHHOT0 CKalAPHOro MpPOU3BeleHUf, cMe-
IMBafd BMecCTe JNHeHHY10 anrebpy u auddepeHuupoBaHue. [

M1 ynomsanewm eme oguy ¢opmyny. Kak u panbie, mycthb
P € Pol(n,d) n 0 < m < d.

dopmyisa o6benunenuda. llycems R € Pol(n, m) u Q €
€ Pol(n, d — m), mozda

HOKA3ATEJILCTBO B OJIHY CTPOKY:

(P, RQ) = (RQ)(9)P(0) = Q(O)R(9)P(0) = (R(D) P, Q),

IIOTOMY 4YTO BbIUMCIEHHWE YacTHBLIX IPOU3BOAHBLIX — KOMMYTa-

TUBHAaA onepanua. To U JoKasbiBaeT GOpMYyIy. ]

JlaBajiTe = paccMOTpPUM  MHOMECTBO BCeX  IOJMHOMOB
R[z1, ..., ], KOTOPOE MBI 0603HAYUM S,
S =Rz, ..., xy]

I/ICHOJIBByeM CORpalieHue
S = Pol(n, d)

I IPOCTPAHCTBA OJHOPOAHBIX BIEMEHTOB cTeneHu d (OTIUYHOM
ot 0).

B 3TOT MOMEHT MOHO BbIOpaTh JBa HE3aBUCHMbBIX HaIpaB-
nenufi. MO#HO paccMOTpPeTh TrapMOHUYECKHE TIOJUHOMbI, KOTOpbIE
OyayT olpeleleHbl B AajibHellIeM, UId CUMMeTpPUUYECKHEe TOJIH-
HOMbI COBMECTHO ¢ 0606I[eHiieM TapMOHUYECKUX MOTUHOMOB. MbI
pasfeiauin 3T TeMbI, HO Bbl, BOBMO#HO, 3aX0OTUTE MPOYECTb UX
OIHOBPEMEHHO.
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FapMOHquCRHe IIOJINHOMBI

IIycTb
A=07+...4+ 2.

W3 maTemaTuyeckoro aHaiusza QyHKIHH HECKOJbKHX IepeMeH-
HBIX BaM JOJKHO ObITh M3BECTHO, UTO A Ha3bIBaeTCA ONnepamop
Jdanaaca. ®yuxuua f tarada, yto Af = (0 Ha3bIBaeTCA 2APMOHU-
yeckotl. Hac uHTepecyloT rapMoHHUYeCKUe IOJUHOMBI, T. €. MOJIHU-
Hombl P takue, ytro AP = (. 3ameTum, 4To

A: Pol(n, d) — Pol(n, d — 2)
nuHeliHOe 0ToGpaseHe U3 BEKTOPHOIO MPOCTPAHCTBA MOIUHOMOB
cTeneHu d B BEKTOPHOE MPOCTPAHCTBO MOJMHOMOB CTeneHu d — 2.

Teopema 2. Imo aunelinoe omobpaxceHue ABAACMCA CIOPS-
ekyuetl. /Jpyeumu caosamu, 0is 3adanHoz2o noauroma () cmene-
Hu d — 2 cyuwecmseyem P € Pol(n, d) makoil, wmo AP = ().

Teopema MoeT ObITH JOKa3aHa CUJIOBLIM MeToJoM. MbI npu-
BeleM [pyroe, 6ojee KpacuBoe J0Ka3aTelbCTBO, KCIOIbL3YIOliee
TVHERHYIO anre6py.

Onpenenum Har(n, d) — MHOMeCTBO BceX OIHOPOMHBIX
rapMOHMYECKUX noiauHoMmoB crteneHd d wau 0. OdeBUOHO, 4YTO
Har(n, d) — noanpoctpatncTBo Pol(n, d), noaToMmy B TepMuHax
JVUHEeNHON anredpsl

Har(n, d) = Ker A.
Opyrumu ciosamu, Har(n, d) — agpo nuHeliHoro oTo6pameHun
A: Pol(n, d) — Pol(n, d — 2).

IIycth

2 _ 2 2 2
=1 (T, ..., Tp) =27+ ...+ X,

[loaToMy 7?2 — OQHOPOAHBIH MOIMHOM cTeneHu 2. 3aMeTUM, 4TO
2(0) = A
r“(0) = A.
Mb1 mokasanu B o6IIeM cliydae IPaBUIO epecTaHOBKU

(R(O)P, Q) = (P, RQ).
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[IpuMeHUM ero K cienualbHoMy caydaio R = r2. Takum ob6pasom,
OJy YAM
(AP, Q) = (P, r*Q)

nisa Beex P € Pol(n, d), Q € Pol(n, d — 2).

dTo 103BOJAET HaM [0KasaTh CIOPBLEKTHBHOCTL A Ha
Pol(n, d — 2). Ilpemnomosum, 4to oGpa3 A He paBeH Bce-
my Pol(n, d —2). Torga cymectByet nonuaom @ € Pol(n, d — 2),
() # 0, KoTOpLIit opTOroHaldeH o6pasy A Mo TeopeMe U3 JUHEHHOI
anreGpbl JJA MOJOUTENbLHO ONpele]eHHOro CKalaApHOro Ipou3Be-
nenus. Ux sToro ciaemyert, 4To

0:<AP9Q>:<P9T2Q>

nna Beex P € Pol(n, d). CregoBarensno, r2() opTOroHanibHO Bee-
my Pol(n, d). T. k. ckanapHoe npou3BejieHKe MON0MUTETbHO O pe-
lleIeH0, MbI JOJMKHBI MoayuuTh 72Q = 0, caegoBarenbHo Q = 0,
MPOTHUBOpeYNe, KOTOPOe I0Ka3bIBaeT, UTO

A: Pol(n, d) — Pol(n, d — 2)

CIOPHEKTHUBHO.

Tarkum o6pa3oM, Bbl BUAUTE JUHEHHYIO airebpy U MOJOMKHU-
TeJbHO ONpe/eleHHble CKalfipHble NpoU3BeleHNA, AelicTBYyONe
B KOHTEKCTe, KOTOpbIil 0ObIYHO He paccMaTpuBaeTcA B CTaHJApPT-
HbIX KypcaX. Ml npuBefileM ellle OJUH NpUMep TAKOro #e Xapak-
Tepa.

Teopema 3. Ilpocmpancmeo 00HOPOOHLIT NOAUHOMOE cme-
nenu d donycraem opmo20HALbHOE PA3LOHCEHUE

Pol(n, d) = Har(n, d) + r*Pol(n, d — 2).

Idmo osnawaem, wmo Pol(n, d) sasasemca cymmotl deyr npo-
cmpauncme u3 npasotl wacmu, u amu dea npocmparcmea Har(n, d),
r?Pol(n, d — 2) opmozonavhut.

JIOKA3ATEJILCTBO.

O6uiee mpaBUJIO TEePeCTAHOBKU MoKasbiBaeT, uTo Har(n, d)
u r2Pol(n, d — 2) oproronanbusl, nockoabky aaa P € Har(n, d)
u @ € Pol(n, d— 2), moxyuum

(P, r°Q) = (AP, Q) =0,
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T.K. P — FapMOHI/IquKI/Iﬁ IMOJIMHOM. CJIG,HOBaTeJIbHO,

dim[Har(n, d) + r*Pol(n, d — 2)] =
= dim Har(n, d) + dim7?Pol(n, d — 2).

Ho dim r?Pol(n, d—2) = dimPol(n, d—2), T. k. yMHO#eHMe Ha 72

ABJAETCAH PIBOMOp(pHBMOM
Pol(n, d — 2) = r?Pol(n, d — 2).

JIuHeitHaa anrebpa Take roBOPUT HaM, UTO HJA JO6GOro JUHEH-
HOro oToOpaskeHUA Ha BEKTOPHOM IPOCTpPaHCTBe V pa3MepHOCTh
o6pa3sa nitoc pa3sMeEPHOCTh AJpa paBHA pa3MepPHOCTH IPOCTPaHCT-
Ba. 37leCh BEKTOpHOe mpocTpancTBo — Pol(n, d), Afpo nuHeiiHOTO
oToOpameHud — IMOJNPOCTPAHCTBO MapMOHUUYECKHX IOJUHOMOB
u ero obpas Pol(n, d — 2). T. k.

Har(n, d) + r*Pol(n, d — 2)

MMeeT Ty e pasMepHocThb, uTo U Pol(n, d), oHO mommHO paB-
HATbeA Pol(n, d), 4To U JoKa3biBaeT Teopemy. N

CI/IMMeTpI/I‘-IeCRI/Ie IIOJINHOMBI

I[Iyects W — rpynna nepecTaHoBOK NepeMeHHbIX. Eciau Bac
yIUBJIAEeT, MoYeMy Mbl UcNoJb3yeM OykBy W, To 3TO 1U3-3a To-
ro, YTo B BecbMa 3K30TUYeCKOM KOHTeKcTe ['epman Beiiab oT-
KpbLI He4To, Ha3biBaemoe rpynmnoii Beitna. /lna o6biyHoit cutTya-
1M1 oObIYHBIX MOJMHOMOB 3Ta rpynna Beiina ABndeTrca B TouHoC-
TH, KaKk MbI CKa3ajlu Bblllle, IPYIINOi epecTaHOBOK NepeMeHHBbIX.
Takr 4yTO HAUYEro cTpaulHOro HeT.

Eciu ¢ — nepecranoBka u3 {1, ..., n} u P — moauHom, To
MbI MOK€eM ONpeaeluThb MOJUHOM o P Kak MOJUHOM

(O'P)(xl, ey xn) = P(aza(l), ey xa(n)).

[Toatomy W Tosme nmeficTtByeT Ha noinuHoMax. [loaiunom P Takoii,
yTo 0 P = P 1aA Bcex NepecTaHOBOK O Ha3bIBAeTCA CUMMEMPU-
YyecKum. 3aMeTUM, YTO MOJUHOM

2 2 2
r=x{+...+x,
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cUMMeTpUYeCKHU, U Takmke MoauHoM z¢ + ...+ x? nna mo6o-
o MOJOMUTENLHOr0 Heoro uncaa d. O6o3nauuM yepes SW mpo-
CTPaHCTBO BCeX CHMMeETPUUYECKHX NMoauHOoMOB. Ecau P, () cuwm-
MeTpu4YecKkue, To TakuMu ke oyayT P + @, PQ), u nna mo6oii
KoHCTaHThI ¢ € R moauHoMm cP Tome cuMMeTpudeckuii. Takum
06pa3oM, MHOKECTBO CUMMETPHUUYECKUX MOJUHOMOB 3aMKHYTO IO
CI0KEeHUI0, YMHOKEHNIO U YMHOKEHNIO Ha KOHCTaHTy. B mefict-
BUTeIbHOCTH S cOlepUT NOJUHOMBI, paBHble KOHCTAHTaM.
Hac uHTepecyeT apyroii npumMep cuMMETPUUYECKUX MOJUHO-
MoB. IlycTb T' — HoBafA nepemMeHHas, 1 Mbl pacCCMOTPUM MOJNHOM

F(T) = (T — z1)...(T — z).
Ecau mbl IIeEpeMHOHUM U IIpuBeJeM IIOIIOGHI:)IG, TO IIOJYUYUM

F(T)=T" - LT" '+ LT"? — ...+ (-1)"I,,

rae I, ..., I, — MOAUHOMEI OT Z1, ..., £,. K Ipumepy,

Il :Il(.’El, cee s xn) = I —|——|—.’L‘n,

I =L(x1, ..., 2p) =21T2 + 123 + ... + Tp_1Tn,

In = 'n,(xla s xn) = T1 Ln
fABHOoe BhIuMciIeHUe NoaUHOMOB I, ..., I,, HaM He moHagoOGUTCA.
MosHO yBUAeTh allpUOPHO, YTO OHU CUMMeTpHUYeCKle B lepeMeH-
HBIX X1, ..., £y, IOCKOJbKY MpPOU3BeJeHNE

(T —x1)...(T — )

He MeHAeTCA OT IiepecTaHOBKU MHomuteneit (T — x;), & =
=1,...,n, 103TOMy K03G(OUINEHTHI 3TOTO NMOJIMHOMA TaKKe He
MEHAIOTCA. 3aMeTUM, 4TO

deg I; = d.

bynem Ha3biBaTh NOAWHOMBI Iy, ..., I, oaemenmapHvimu cum-
Mmempuieckumu noiuHomamnu. DynaaMeHTanbHblit pakT us anret-
pbl JaeT HaM
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Teopema 4. JuaemenmapHble cummempuieckue nOAUHOMDbL
nopoxcdaiom ece cummempuieckue noiuHomvl. boaee mouno das
danHno20 cummempuieckozo noauroma P(xy, ..., x,) cywecmsy-
em noaurnom F' maroil, umo

P(.’El, cee .’En) :F(Il, ey In)
uau, uUCnoav3ysa 0py2ue 0603H£l‘t8HUﬂ,

SV =R[I4, ..., I,].

llorazaTenbCTBO He CIAUIIKOM CJ0#HO€E, U Bbl CMOKeTe HaliTu
ero B HEKOTOPBIX YUeOHUKAaX [ BYy30B, k mpumepy B [La 87], raa-
Ba IV, Teopema 8.1. /lokazaTenbcTBO BegeTcA MHAYKIMENH 1O 7,
a Takme UHAYKIUel no d. IIpocTo naA pasBiedyeHUA AOKaxKUTe
nJdA cebd ciydail n = 2, KOTOpPbIH IOKa3bIBaeT, UTO X1+ T2 U T1T2
MOpPOKJalI0T BCe CUMMeTpUUecKre MOJMHOMBI OT ABYX NepeMeH-
HBIX.

MbI XOTUM MOHATH, UTO HYHO MJA TOT0, YTOOBI MOTYyUYUTH
BCe MOJUHOMbBI U3 CUMMeTpuUueckuXx. Bocnoab3dyemea TepMUHOIO-
rueit U3 AuHeiHOI anre6pbl U BEKTOPHBIX MpocTpaHeTB, xotd SV
He 3aMKHYTO II0 BblYHMCIeHUIO 4acTHbIX. Ilyetb Py, ..., Py —
aneMeHThl S. ByjgeM rosoputs, uto Py, ..., Py aunetino nes3asu-
cumsvt Hag SYW, eciu 1718 BbINOJHEHUA COOTHOIIEHUA

N
Y Fjp;=0, F;jeS"
j=1

Heo6XxouMo, yTo0b!I F; = 0 nas Beex j. Cramewm, uto { Py, ..., Py}
— 6asuc S nan SV, ecin Pp, ..., Py 7uHeHHO He3aBUCHMBI
Ha® S" u ecau kamablil 3neMeHT S ABIAeTcA TMHeilHON KOMOUHA-
uueit Py, ..., Py c koadpuuuentamu uz S, npyrumu ciosamu,
naa pansoro Q € S cymectsytot Fy, ..., Fyy € SV, Tarue, uto

Q=FP +...+ FyPy.

Mb1 yTBep:#aaeM, UTO cyliecTBYyeT 6a3uc, U Mbl XOTUM ABHO Mpe]-
CTaBUTh TaKkoi 6a3uc. B meficTBUTeNbHOCTH, MbI IPEJCTAaBUM JiBa
Tuna 6a3ucoB, OJlUH OoJlee UHTEPECHBIN, YeM [PYTOIi.
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Cy1iecTByeT OJIMH 0YeHb MPOCTOI 6a3nc, KOTOPbIil BOCXOAUT
K Kponnerepy u XIX croneruio. IIpocTeiM ynpas;HeHueM Oyner
ABJIATHLCA JeMOHCTpPAIUA TOr0, YTO MOHOMBI

(AR O0<r<n—i

o6pasyloT 6asuc. 3aMeTHM, 4TO Cyl[eCTBYeT B TOUHOCTHU n! TAKUX
MOHOMOB. MbI He OyeM NPUBOJUTH JOKazaTelbcTBO. /[laBaiiTe me-
peiigeM K 6ojiee CI0KHOMY M HHTepecHOMY 0a3ucy, KOTOPbIii cBA-
3aH ¢ rapMOHMUYEeCKUMH QYHKIUAMU U MMeeT NPUJI0EeHUA B He-
CKOJILKUX pasjejaX MaTeMaTHKU, BKJIIOYafd U ajrebpy u aHalua.

IIycTh SKV — MHOAIPOCTPAHCTBO CUMMETPUUECKUX TOJUHO-

MOB C HYJIEBbIM IOCTOAHHBIM ujeHoM. Onpeaenum noiuHom H —
W -eapmonuyecruil Torga U TOJAbKO TOorjaa, Korjaa

Q(0)H =0 nmnascex Q€ SY.

3aMeTHM, UTO [IPOCTO rapMOHUYEeCKHUIl TOJIMHOM [I0JI#€eH yI0BJe-
TBOPATh TOJIbKO ogHOMY ypaBHeHUio AP = (. 3gecy gaa W-rap-
MOHHUYECKHX MOJMHOMOB Mbl TpebyeM OecKOHeuHOe KOJIMYEeCTBO
ypaBHeHMii, BKIOUYaOIuX Bce () € S_Y_V. MosHo BbIOpaThCcA U3
3TOH CUTYyallM¥ C KOHEUHbIM KOJUUYeCTBOM ypaBHEHUil, BOCIOJIb-

30BaBIIKCh reHepaTtopamu I, ..., I,, HO Bce e GymeT Goiblie,
yeM OJHO ypaBHeHHUe, eclid n > 2.

IIycTs:

Hary, — BekTopHOoe npocTpaHcTBo U3 W-rapMoHU4YecKHUX
OJMHOMOB;

Har%) — BEKTOPHOE MPOCTPAHCTBO OJHOPOAHBIX 3JIEMEHTOB

crenenu d B Hary,.
Toraa nonydaeM pasiokeHHe B IPAMYIO CYMMY

0
Hary, = Z Har%)
d=0

Ipyrumu cioBamu, noiuHoM W-rapMoHHYecKHH Torjga M TOJb-
KO Torja, Korja Bce ero oJHOpPOAHbIe KOMIOHeHThl W -rapmMoHu-
yecKue, U 3TH OJHOPOJHbIE KOMIIOHEHTHI B3aHMHO OPTOTrOHAJbHBI.
JTo cpa3y e cleiyeT u3 ¢paKTa, YTO OJHOPOAHbIE MOJUHOMBI pa3-
JUYHBIX cTeleHell OpTOroHaldbHbI, KAK Mbl yiKe BUAEIU.
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Ob60o3HauuM SWHarW MHOMEeCTBO BcCeX IMOJMHOMOB BHUJa
m
J=1

Crnengytomuii pesdyabraT Obl1 Aoka3aH llleBaibe B HaMHO-
ro 6oyiee obileM KOHTEKCTe, YeM TO, UTO MbI oOcy#gaeM ceii-

gac [Ch 55].

Teopema 5. Illyemv S = Rz, ..., x,] — Koabyo noau-
Homos Had eeuwjecmeeHHblmu wucaanmu u SV — nodmuoncecmeo
CUMMEMPULECKUT TOAUHOMO8, @ UMEHHO Me NOAUHOMbL, KOmopble
He meHnalomcea npu nepecmanosxax nepemenusix. [lycmo Hary, —
sexmoproe npocmpancmeo W -zapmonuieckur noauromos. Tozda

S = S"Hary,.

boaee moeo, npocmpancmeo Hary, roneunomepro nad R, u ezo
PaA3MepPHOCITLb

Ecau {Hy, ..., Hy} (N = #W) — 6asuc Hary, nad R, mozda

amo mawoce 6asuc S nad SV .

Tarkum o6pa3zoM, MbI OJNYyUYUIU OUEeHb ACHYIO KapTUHY TOTO,
KaKkuM crocoO60oM Bce MOAWHOMbI MOPOKJAI0TCA JUHEHHO B TepMHU-
HaX CUMMeTpPUYECKUX MOJMHOMOB U W-rapMoHMUYEeCKUX MOJUHO-
MOB. [loka3aTeabcTBO Gy/eT NIPOXOAUTh B HECKOJbKO DTAIOB.

Bynem ucnonb3oBaThb o603HaUeHUE

SVs=8SY,

MMefl B BUAy MHOMECTBO IJIEMEHTOB
m
§ : w
=1

3aMeTHuM, 4TO SSXVS = SKVSS = SXVS.
IIpex e Bcero noKkameM, 4TO MbI MOMeM Pas3iIoMKUThL S B pA-
MYIO CYMMY
S = SKVS + Hary,. (1)

24#W — KonMuecTBO mepecTaHoBok. — Ilpum. nep.
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Ilpamas cymMma o3Havaet, yto Hary, — opToroHaibHoe ONO/He-
Hue K S S. BenoMuuM, uto ecin U — MOANPOCTPAHCTBO Bek-
TOPHOTO NpOCTpaHcTBa V, To opTOoroHaabHoe HomnonHeHue UL —
MHOkecTBO v € V Takux, uto (u, v) = 0 pasa Bcex u € U. Ilo-
stomy (1) yrBepsaaer, uro Hary, = = (S¥ S)+. 910 xerro no-
Ka3bIiBaeTcA cleaywomum obpazom. Ilycts P — noauHoM opToro-
HaJbHBIN K SKVS. lna Q € S};V MOy YUM

0=(QS, P) = (S, Q(9)P),

u3 yero cieayet, yto Q(0)P = 0, ciepoBatenbno P € Hary,.
IloaTomy
(8" 8)*+ C Hary.

O6paTHoe BKIIOUeHUEe clelyeT U3 oO6paTUMOCTHU IIaroB AoKa3a-
TelbCcTBa, M03ToMy (1) nokasaHo. T.K. OIHOPOAHbBIE MOJUHOMBI
pa3iUYHbIX cTeleHell OpTOroHalbHbI, Mbl MOJYy4YUM OJHOPOAHYIO
BEPCHUIO, IJIA Ka#JA0ro MoJOKUTENbHOrO 11eJoro d, a UMEeHHO, pa3-
JoxeHne B MPAMYIO CYMMY

d
S =3 "(8W)"§@=") 4 Harly). (14)
r=1
Tenepb Mbl MOMieM IIOBTOPATHb IIO MHAYRKRIOHUH, YTOOBI IIOJYUYHNTD
InepBoe yrTpepmjeHine TeopeMbl, a UMEHHO

S = SWHarW.

3areM Ham moHamobATcA aBe JemMMbl o SV S, caexys Ille-
Baibe. MbI 6yieM HCIoab30BaTh cTaHAapTHEIE 0603Hauenud. Ecan
Q1, ..., Qm — dnementsr SV, onpenenum ugean (Qq, ..., Qm)
B S Kak MHOmecTBO Bcex JHHEIHbIX KOMOUHALUIl

PiQi+ ...+ PpnQnm, P;c SV,

Jemma 5. Iycmv Qq, ..., Q. € SV makue, ymo Q, He
npunadaexcam udeary (Qz, ..., Q) 6 SW. lMlyecms Py, ..., Py, —
00HopodHble saemenmbl, S marue, wmo Y. _ P,Q, = 0. Toe-
da P1 € S_‘(_VS
HJOKA3ATEJILCTBO.

B JOKas3aTellbCTBe MbI 6yne1v1 HCIIOJb30BaTb HEKROTOPLIE (I)YH-
JaMeHTalbHEBIE CpaKTbI nu3 aJII"eﬁpr. Ecau Bl He 3HAKOMBI C HUMU,
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TO BOCIOJIb3YyHiTeCch MPUIIO#EHNEM K 3TOMY naparpady, rjie Mbl UX
ob6CcyaruM U JIOKameM.

Bo-miepBbIX, MBI BOCHOJbL3yeMCA 0nepamopom npoeKmuposad-
Hua Ha W-uHBapuaHTax, a UMeHHO onepamopom A (0T ycpedHe-
HUA), OTIpeelIeHHOT0 KaK

A(P) = #LW Y w(P).

[IppMeHUM 3TOT onmepaTop K JuHeiHO! KomGuHanuu » | P,Q, = 0.
ITocKkonbRY

w(PQ) = w(P)w(Q) n w(Q,) =Q,, T.r Q,€cSY

IIOJyUYUM

Ecau deg Py = 0, To P — KoHcTaHTa, Torga Py = A(P;), nIpoTu-
Bopeuue c runote3oii. CiegoBaTenbHo deg P; > 0. [Ipeanonoxum,
YTO JleMMa BepHa 10 UHAYKUUU AJA BCeX OTHOIIEeHU

v=1

c ongHopoaHbiMU R, u deg Ry < deg P;. IlycTh T — nepecTaHoBKa
IByX IlepeMeHHbIX, CKameM, x; U xi. Torga 7(P,) — P, menutcd
Ha Tj — T, T.€.

7(Py)) — P, = (z; — xx)R,

JUIl HEKOTOPOr'0 OJHOPOAHOrO NoluHoMa R, cTeleHU MeHblIei,
yeM deg P, (cM. mpuiioeHue), U BBINOIHEHO JTUHEHOEe OTHOIIe-
HUe

RiQi+...+RpnQp = 0.

o unpykunn Ry € S¥'S wau, gpyrumu crosamu, 7(P1) = P
mod SV S. Ilockonbky W o6pasyeTca ¢ IOMOLIbIO [IEPECTAHOBOK,
clie[joBaTelbHo,

w(Py) =P, mod SY¥'S, weW.

CnemoBatenbuo, A(P;) = P, mod SXVS. T.x. P, — onpuHo-
POJHBII, CTPOro MOJOMUTEIbLHON CTeleHH, TO e caMoe BEepHO
nia A(Py). CnenoBatenbho, A(Py) € SXVS, clefoBaTelbHO, Ha-
KoHen, P; € SKVS, 4YTO U JOKa3bIBaeT JeMMY. m
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Jlemma 6. Ilycmv» Hy., ..., H,, — o00HOpoOHblE 2.4eMeH-
mot S, AuHeliHo He3asucumble no mod SYFVS HAO0 KOHCMAaHMaMmu.
Toz0a Hi, ..., H,, aunetino nesasucumot Had S .
JTOKA3ATEJILCTBO.

IIycts RiHy +...+ R,, H,, = 0 oTHollleHHe J1HeliHOI 3aBU-

cuMocti ¢ R; € S, He Bce us Hux paBHbI 0. Be3 motepu o6mi-
HOCTH MbI MOK€EM MPEANOoJIOMUThb, YTO HU OJUH U3 KodddullneH-
ToB Ry, ..., R,, He paBeH (. [laiee MbI MO}#eM TaK:e MpeaIoo-
#UThb, UTO MoiuHOMbI R; ogHopoaHbie, u deg R; + deg H; = d —
KOHCTaHTa, He 3aBUCAIAfA OT 1.

IIycts I, ..., I, — nlleMeHTapHble CHMMeTpHUYeCKHUEe MOJIH-
HOMbI. MbI yite yHnoMuHamd, YTO SW = R[I1, ..., I,]. MoHOMBI
I*, ..., I’ —anementsr S, u degI{', ..., I oTHOCUTCA K cTe-
neuu B S. llyctb Qq, 1, ... — ynopAajgoyeHHe 3TUX MOHOMOB II0
Bo3pacTaHMIO cTeneHu, ¢ Qo = 1. [aa rammgoro ¢ = 1, ..., m
1nMeeM JIMHeliHOe BbIpaxKeHue

R; = E CivQu
v>0

C MOCTOAHHBLIMU KO3 dunueHTaMu c¢; u ¢;, = 0, ecau deg R; #
# deg (),,. lIpuBoasa nomo6HbBIE, TOTyYaeM

m m
O:ZRZH:ZPVQV7 PI/:ZCil/Hi
1=1 v>0 i=1
u P, — onHoponauvie ctenenu d — deg(),. Mbl norazaiau, 4To
P, =0 nna Bcex v mno uHayknuu. [na v = 0 3amerum,

uto Qo & (Q1, Q2, ...), mosromy mo nemme 1 Py € S¥S,
YTO MPOTHUBOPEUYUT IMPEAIONOKEHUIO O JMHeHOH He3aBHCHMOC-
™ H,..., Hy,. Ilo unagyRIUYN npeanono:xum, uto Py, ..., P._1=0.
MbI MoeM 3aTeM NMPUBECTH B TOYHOCTHU Te€ e apryMeHTbI, IO-
CROIBKY Qr & (Qr11, Qr12, ...). ITO 3aBeplilaeT A0KA3ATETbCT-
BO JIEMMBI 2. [

Jdemma 7. R-sexmoproe npocmpancmeo Hary, koneunomep-
Ho, U 6 deticmeumeabHocmu e20 pasmeprocms < #W, m.e. < nl.

HJOKA3ATEJILCTBO.
,HJII/IHa JORa3aTellIbCTBaA 6yneT 3aBUCEeThb 0T TOI'O, HACKOJIBKO
CUJIBbHBIMU (I)aPiTaMI/I n3 aJIFeﬁpr BBbI c061/1paeTec5 BOCITIOJIB30BAThb-
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cd. Ecan xoueTca coxpaHUTh AOKa3aTelbCTBO 10 BO3MOMHOCTH
3JleMeHTapHbIM, TO, BO3MO#HO, Hanboliee ObICTPbIM ABJIAETCA Clle-
aymoomuii cnoco6 nokaszaTelbcTBa. Mbl BOCNOAb3yeMCA yi#e yIIO-
MAHYTBIM (aKkToM, 4To n! MOHOMOB BHUJa

Myy(x) = 27" ... 2", 0<r;<n—i

o6pasytor 6asuc S Hag SV. Takike, Kak ¢ BeKTOPHBIMHU IPOCTPaH-
cTBaMU Haj MOJAMH, OObIUHBIM COCOOOM MOM#HO MOKas3aTb, UTO
nBa 6asuca S Hag SY uMeOT ofMHAKOBOEe KOJIMYECTBO BJIeMeH-
toB. lanee, eciu snementsr S — Hy, ..., H,, — IuHeiiHO He3a-
BucuMble Hag SV, To m < n!, T.e. m He Goiblle paaMepHOCTH S
nag SW.

B wactHocTH, nycts Hy, ..., H,, — oJHOpPOJHbIE DdJIEeMEH-
Tb1 Hary, nuneiiHo He3aBucumsbie Hag R. CoramacHo ¢opmyie (1),
OHM JUHeliHO He3aBUCUMbI mod SJVFVS HaJ KOHCTaHTaMU, T. €. OHU
YAOBIETBOPAIOT runotTe3e jJeMMbl 2. Ilo 1eMmMme 2, oHU TMHEHHO He-
zaBucuMbl Hag SYW. Ilo npedplAymuM 3aMe4aHUAM MbI TPUXOAUM
K 3aK/JI0YeHUIo, uTo m < # W, noatomy Hary, — KoHeuHOMepHO
Haa R, u ero paamepHocTb MeHblle jau6o paBHa #W. JTo JoKa-
3bIBaeT IeMMYy 3, HO MOCMOTPUTE KOMMEHTApPUU 0 TEOPUU ToJieit
B NMPUJIOMEHUHU K 3TOMY maparpady. N

Ceftuac MbI MO#£€eM 3aBepIIUTh JOKA3aTelbCTBO TeOpeMbI 2.
Iycts Hy, ..., H,, — 6asuc Hary, Hag R. IlepBoe yTBepxaenue
TeopeMbl 2, KOTOpO€e MbI JOKa3alu,

MMOKa3bIBAeT, YTO
S=S"H +...+5"H,,

u nostomy Hi, ..., H,, — nuHeiiHble o6pasyomue S Hag SW.
Jlemma 2 noraswiBaeT, uto Hy, ..., H,, Takxe JHMHellHO He3aBU-
cuMmbl Hag SY, moatomy oHu obpasyioT 6asuc S Hag SYW. Kak
y#e YyIoMHUHaloch B J0Ka3aTelbCTBe JeMMbI 3, Mbl TOT'Ja IOJY-
yaeM m = #W . JTo 3aBepiaeT AoKa3aTelbCTBO TeOpeMbl 2. W

IIpunosxenue

B npenbigyiemM mokasaTelbCTBe TeopeMbl 2 MbI HCIOJb30-
Balld HEKOTOpPbIE MPOCThIe anrebpanyeckre ¢aKkThbl, KOTOPhIE MbI
ceiiuac cobupaemMcA oO6CyAUThb B ClIyuae, eclii Bbl He BCTpeyvallCh
C HUMU paHblIle.
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W -ycpenHamoiaa npoeKiuA. Bbl Jod#HbI ObIIH I03HAKO-
MHUTbCA ¢ IPOEKIUAMHU B Kypce AuHeiiHoii anreoprl. llycts V —
BeKTopHoe nmpocTpadcTBo. Ilyets A: V — V — nuHeiiHoe oTob6pa-
senue. [Ilyets U — moanpoctpanctBo V. MbI roBopum, uto A —
npoexuus Ha U, ecau oopas A paBed U u eciu A ocraBiser 3ie-
MeHThI U Ha cBoux Mecrtax, T.e. Au = u ana Bcex u € U. Ec-
a1 V uMeeT MOJNOKUTENbHO oNpeelieHHoe cRajJfApHoe Ipou3Bee-
HUe W ABJIAETCA KOHEeYHOMEPHBIM U eclii U — MoANpoCTPaHCTBO,
TO Bcerja cyljecTByeT opToroHaibHasa npoeknuda. Ho npu npume-
HEeHUH JeMMbI 1 MbI HaXOAUJIHUChL B Apyroil cuTyarnuu. BekTopHoe
MIPOCTPAHCTBO — MHOM#ecTBO Bcex noauHomoB S. IlognpocTtpan-
ctBo S, roze W — rpynna nepectaHoBok. Kammoe w MomeT
paccMaTpuBaTbCcA Kak JUHEHHbIH aBTOMOpGU3M S, Tak#e YIOB-
JeTBOPAIOIUH MYJIbTUINIMKATUBHOMY CBOMCTBY

w(PQ) = w(P)w(Q) nasascex P, Q€S.

JIuHeitnbie oToGpasenusa S B caMoro ceba o6pa3yOT BEKTOpPHOe
npocTpancTBO. MbI onpefienaeM

A:#LWZw.

weWwW

Torga AQ = Q nmasa Bcex Q € W, nockonbky w(Q) = (), nosTo-
My cyMMa, ipuMeHaemad k (), naet (#W)Q, u nenennas na #W
HaKkoHel gaeT camo (). lanee, naa ao6oro P € S snement A(P)
naxogutcea B SV, T.e. A(P) — cuMMeTpUYeCKUil MOJMHOM, HO-
CKOJNBbRY eciu wy; € W, To orobOpameHue w — wiw ABIAETCA
nepectanoBkoii W, mosatomy

wi(A(P)) = ijvww) = o ijvwlww) = A(P),
we we

nosromy A — npoeknusa va SW.
CBoiicTBO pgeauMocTu. B nokasareibcTBe JeMMBI 1 MBI
MCIIOJb30Balu cllefyomuii GaKTt:

Ilyemv P € S — noaunom om n nepemeHHbLT X1, ..., Ty
U nycmv T — NepecmaHosKa JeYxr nepemMeHHbLT, CKaHceM, T MeHA-
em mecmamu r; u xy. Toeda 7(P) — P deaumca Ha x; — xy,.
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Mb1 npuBegeM Io0JIHOE [I0Ka3aTelbCTBO, KOTOpOe ABIAETCA
o4eHb NpocThIM. [locTaTOUHO JOKa3aTh YTBep#aeHue, korga P —
MoHoM. Ilociie nepenyMepoBaHuA MepeMeHHbIX Mbl MOKeM Npe]-
MOJOMUThL 0e3 Mmorepu OOMHOCTU, 4YTO j = 1 u k = 2, nodTomy
MOHOM MO3eT ObITh 3alucaH B BUAE

_ J1,.02
P(x1, ... ,xn) = 2725 Q(x3, ..., Tpn).
[lockonbKYy mepecTaHOBKA OCTaBJIAET X3, ..., £y HEMNOABUMKHBI-

MU, JOCTATOYHO AORKAa3aThb yTBepxmaeHue A OIBYX IIepeMEHHbIX,
CRamieM JIA X U Yy, T.e. 10CTATOYHO JORa3aThb:

Ilycmv x, y — Ose nepemennsvie. llycmsv i, k — yeavle wucaa,
6oavwiue aubo pasuvie 0. Toz0a

piyk — kg
deaumca Ha x — .
JTOKA3ATEJILCTBO.

Ecau j wam k = 0, Torma ob6piuHOe OGMHOMMAIbHOE pasiio-
MeHMe MoKkasbiBaeT, 4To =/ — ¢/ u =% — y* mensarca na = — v.
[Ipeanonoxum, uto j, k > 1. Mbl Mosem Torjga pasiomUThb Ha
MHOMKUTENU

k

wlyt — oty =y Ty -2ty .

3aTeM MbI MOKeM 3aBeplIinuThb JOoRKRas3aTelbCTBO I/IHHYHIII/Ieﬁ. [ |

N poeanbi. TpeTbuM HOHATHEM, KOTOPLIM MbI BOCIOJb30Ba-
auch, Oplmu upeansl. Ilyctb J — nmogmHoskecTBo S. B nemwme 1
MbI MCIOJb30BalIu J = SYFVS. bynem rosoputhb, uto J — upgearn,
eciu J 3aMKHYTO IO CJIOEHUIO U YMHOMKEHUIO Ha 3JIeMeHThI S.
[loaTomy SX_VS — wupean. llycts P, () € S. Onpenenum, uto P
cpastumo ¢ () mo mod .J, B CHMBOJbHOI 3alKCHU:

P = (@) mod J,
yTo o3HayaeT, uTo P — () € .J. Cpa3y moaydaem, 4YTO cCpaB-
HeHre 10 mod/ — oTHolleHWe B3KBUBAJEHTHOCTH, T.e. [JIA
Bcex P, ), RE S
P=P modJ,

P =(@Q Baeuer Q = P,
P=@Q wu(@ =R sgaeuer P = R.

Bonee Toro, ecin P = () mod J, To RP = R() mod J.
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Ilyers Hy, ..., H,, € S. Ms1 roBopum, uto Hy, ..., H,,
AUHEUHOo Hesasucumbl no mod.J, uMedA B BUAY, UTO OTHOIlIEHUE

ctHy+...c H,, = 0 mod J, c; € R

BJleYeT, 4To ¢; = 0 quA Bcex ¢t =1, ..., m.

3aMeTHUM, 4YTO JIMHelHafA 3aBUCHUMOCTh MCIOJdb30Bajach IO
OTHOIIEHNIO K IBYM THUIaM KO3 (PUIMEHTOB: JUHellHAA 3aBUCH-
MOCTh Haj cKaiApaMu u3 R u nuHeliHad 3aBUCHMOCTb dJIEMEH-
toB S Hag S". KoHTeKcT JenaeT ACHBIM, KaKOe MOHATHE UCIONb-
3yeTcA. B nemme 2 mMbI mokasanu, 4To Korjga J = S_‘,/_VS, TO OIHO
X 3TUX YCJIOBUH cleayeT U3 APYyroro.

3aMeuaHUA 10 Teopuu noJeii. Mcnonb3oBaHue MOHO-
MOB X1’ ...ZTI" CIUIIKOM ClenualdbHbIi ciydail, 4TOObI TOBOJb-
cTBOBaThcA UM. BMecTo 3TOro Mo#HO MCNOJb30BaTh apryMeHTbI
13 TeopuHU MoJeil, npuMeHAd UX K oueHb oOlleii cuTyaluu, Kak
B moclegymooneM usnoxennu. Kamapiit anemenT P u3 S ABager-
cA KOpHeM INoauHoMa creneHu #W c kosdbounuentamu B SV,

da UMEeHHO, IIOJIMHOMaAa

F(T)= [] @-wP).

wew

JleificTBUTENLHO, 3TOT MOJIUHOM coiep:UT T — P Kak MHOMUTEID
(ucnonb3ya w = 1), moatomy F(P) = 0. llyetb ¢1, ..., ¢ —
pasiuyHble CKaJAPbI, U MYCTh

Y =cix1+... 4+ cpxy.

Torpga Bce snemenThl wY (¢ w € W) pasianyHbl U cyliecT-

ByeT #W tarux siaementoB. Ilycte Rat = R(xy, ..., x,) — no-
e panuoHalbHbIX QYHKIUHR OT Z1, ... , £, (YAaCTHbIE MOJMHOMOB)
uK =R(l, ..., Iy)— paunonansHele pyHKuuu ot I, ..., I.

Torga Rat — BeKToOpHOe npocTpaHcTBO Hal K ¥ MOM#HO puUMe-
HUTb OOBIUHYIO JMHeliHy1o aire6py. [JoBoJdbHO NMpOCTO MOKa3aTh,
yTo pasMmepHocTb Rat Hag K He 6oabiie #W wu3s-3a nmoauHoMu-
anbHoro ypaBHenusa F(Y) = 0, ynomanyToro Beiie. JlanbHeiiiine
apryMeHTbl U3 TEOpPUH M0Jell MoKa3bIBalOT, UTO 3Ta pa3MEPHOCTh
JOJ#Ha B TOUHOCTU paBHATbcA #W. Ecau Bbl #elaeTe MocMoT-
peTh JeTalbHbIi BLIBOJ, TO CMOTPHUTE MOIO KHUTY «Aarebpa aisA
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By30By» [La 87|, rnaBa VII, Teopema 4.9 (Teopema Aprtuna). [lpen-
cTaBJeHHad CUTyaluA ¢ CHMMETPUYECKMMM INOJUHOMAMU JaeT
IIpUMep ITOH TeOpeMBI.

Co6cTBeHHbIe QYHKIIMU M XapaKTephl

B sTom maparpade mbl 6ymemM uMeTh Jeio ¢ guddepeHnu-
allbHBIMU ollepaTopaMu U MOJYy4YUM NPUMeEpPbI COOCTBEHHBIX QYHK-
nuit 0aA HuX. Mbl no-npesxiHeMy OyaeM KCIOJAb30BaThb IepeMeH-

Hbl€ X1, ..., Ly, U YACTHBIE MPOU3BOJHBIE
0 .
Biza ; i=1,...,n.
Ti
Eciu P € S = R[zy, ..., x,], TOrAa, Kak U paHbIle, Mbl MOKEM

oOpaszoBaThb U depeHIIUaAIbLHBIA onlepaTop
P9)=P(d, ..., 0,) ER[Oy, ..., On).

Nuorga P(0) HasbiBaloT dudidiepeHyuaibHbolm onepamopom ¢ no-
cmoanHbimu KodpPuyuenmamu. Onpenenum W -zapmonuveckyio
dynuryuto f kak OecKoHeyHOo AuddepeHNUPyeMyr0 (QYHKIHUIO
Ha R", Taryio, uro P(9)f =0 aasa Bcex P € SY.

Teopema 6. W -zapmonuveckue PynHruuu — 2mo noau-
HomuaavHole W -2apmonuieckue Pynryuu, m.e. npocmo siemMeH-
mul HarW.

JTOKA3ATEJILCTBO.
IIycts 14, ..., I,,, Kak U paHblile, dleMeHTapHble CUMMETPU-
yecKue MOJWHOMBI OT MepeMeHHbIX X1, ..., Lp. LOTAA IJIA Kam-

Joro i, L; — ROpeHb CHUMMETPHUYECHKOI'o IoJuHOMa

0=z - Lz ' +...+ (=1)"I,.

i
CnenoBarenbHo, T € S}/_VS ma ¢ =1, ..., n, 1 103TOMY
oy € S(9)SY (9),

TakuM 00pa3oM, 0;' obHyaAeT no6yio W-rapMoHnYeckyio GyHK-
nuto. Illoatomy, ecaum f — W-rapMmoHnveckaa (yHKIUA, TO
0 f = 0 nnAa Bcex 4, clefoBaTelbHO, f — MOIUHOM. ]
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IIyets V — BekTopHoe mnpocTpaHcTBo Hag R. Ilyers L:
V — V — unauHeitHoe oToGpaskenue. Co6cmeeHHbLM BEKMOPOM U
naa L mbl OyneM Ha3bIBaThb 3jIeMeHT V, IJIA KOTOPOro CyIIecT-
ByeT uncio A € R taroe, uto L(v) = Av. B Hamux npunoxeHu-
Aax V coctout u3 ¢yHKIUI, U MO’TOMY BMeCTO Ha3BaHUA cOO-
CTBEHHBIH BeKTOp OGyJeM HCIOJAb30BaTh Ha3BaHUE COOCIMBEHHAA
¢pynryua naa L.

B uyacTHocTH, MBI paccMaTpuBaeM S Kak BeKTOPHOe IpPoO-
crpaHcTBo Haa R. Kaxapiit moimHoMuanbHblil auddepeHnaib-
Hblii onepaTop P(0) ¢ P € S Torja ABiAeTcA NTUHEHHbIM 0TOOpa-
skeHreM S B ceO6sa. MbI X0TUM aHaAU3UpPOBaTh COOCTBEHHbIE DYHK-
nquu (coGCTBEHHbIE MOMUHOMBI) [JIA BCeX TaKuX onepatopoB P(0).
[To onpenenenuio myctb S(J) — MHO#ECTBO BCeX MOIMHOMHUANb-
HbIX auddepenuanibubix onepatopoB P(d), P € S. Co6cmeen-
Hotl gpynryuet f nna S(0Q) mbl GyieM Ha3bIBaTh HEHYJIEBYIO QYHHK-
nuio f, Takyio, uto piA Kaxgoro D € S(0) cyuiecTByeT BellecT-
BeHHOe unciao A(D), Takoe, 4ToO

Df = A(D)f.

3aMeTuM, 4TO A4 Takoit pyukuuu f orobpasenue D — A(D) —
nuHeliHOoe oToOpasenue u3 S(J) B R, KoTopoe ynoBieTBOpAET
MYJIbTUIIMKATUBHOMY CBOWCTBY

A(D1Ds) = A(D1)A(D>).

Bonee obobmenHo, auHeiiHoe oToOpamenue A: S — R, KoTopoe
YIOBJIETBOPAET MYJbTUNINKATUBHOMY IPaBUILY

A(PQ) = AXP)XN(Q) nnascex P,QeS

OyneT Ha3bIBaTbCA rapakmepom S. AHaAJOTMYHO, JUHEHHOE OTO-
OpaseHue

A: S(0) — R,
yIOBIETBOpAIOIIee MYJIbTUILIMKATUBHOMY npaBuny A(DiDsy) =
= A(D1)A(D2), 6ynet HasbiBaThcA xapakmepom S(0).
IIpumepsl xapakTepoB. [ind kamaoi n-ku s = (S1,. .., Sy)

BelleCTBEHHbBIX YHCeEJI, 0T06paH{eHI/Ie IIoaCcTaHOBRH

P~ P(s) uwmu P(x1,...,xy) > P(s1,..., 8p)



Fapmonuveckue u cummempuieckue nOAUHOMbL 155

ABJAETCA XapakTepoM S, KOTOpbifi Mbl 0003HaUUM Ag. [pyrux
XapaKTepoB He CYIllecTByeT, MOCKOJAbRY ecid A: S — R — xapak-
Tep, o603HauuM s; = A(x;) anai =1, ..., n. Toraa no cBoiicTBam
JUHEHHOCTU U MYJIbTUINUKATUBHOCTU XapaKkTepoOB Mbl MOJYYUM

A=A

IIpuMepsl cob6cTBeHHBbIX (YHKIMi. [lycTh cHoBa s =
= ($1,... ,S8n) — NM-Ka BellleCTBeHHbIX uncel. Onpenennm byHK-
1070{0)

fs: R" = R, fs(x1, ooy @y) = 1% en%n,

Torna
(0ifs)(x) = sifs(x) wnam  Oifs = sifs.

CnegoBaTenbHO, I J060ro noiuHoma P € S monydum

(P(9)fs)(x) = P(s)fs(x).

CnenoBaTenbHo, f; — coOcTBeHHaA QYHKNUA S ¢ cOOCTBEHHBIM
XapakTepoM ;.

WNHuTepecHoil 3agaveil ABIAETCA HaxoxAeHUe BceX coOCTBEH-
HpIx pyHruuit SV. JTa 3agaua 6b11a pellleHa B oueHb 06IIeM KOH-
tekcTe [llTeitn6eprom (Steinberg) [St 64]. Mb1 npuBenem pelnenue
B YacTHOM cJy4ae, IMOCKOJbKY oOLIUii ciyuaili morpebyeT Oojee
ob6mupHoro uHcTpyMeHnTapud. Ho ocHoBHaA nued nokasaTeiabcTBa
Ta e caMafd M B YacTHOM cilyuyae U B o0IleM CJIyuJae.

IIycte A — xapakTtep S. Ilycth w € W. Toraga Mb1 MomeM
OnpeleNuTh JelicTBHEe w Ha A, TO eCTb wA Mo Gopmyie

(wA)(P) = A(w™LP).

3 atoro cinepyer, yto wA Tak:e xaparTtep S. Ecim A = ),
TO A oTBeyaeT n-ke s = (81, ..., Sp), TOrJa WAs OTBeYaeT mepe-
CTAHOBEKE 4yuce (81, ey Sn), YTO B ,HeﬁCTBI/ITeJIbHOCTI/I COOTBET-
CTBYyeT

(Sw(1)s +++ s Sw(n))-

Ham norpebGyeTcA yacTHBIH ciliyyaii TeopeMbl, JOKa3aHHOM
B oueHb obmemM ciayuae E. ApTuHoM.
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Teopema. Ilycmv A1, ..., Ay, — pasiuiHsle HeHY.1e6ble Xa-
paxmepwvt S. Tozda onu aunetino Hezasucumbl Had R.

HOKA3ATEJIBLCTBO.

Mzl IIpuBegeM JoKa3aTeJlbCTBO ApTI/IHa, BepHOe B HaMHOI'O
6osiee obieM ciaydae. [lokaszaTenbcTBo uHAyKUueilr o m. Ilpen-
MOJIOMUM 4TO M = 1. Tor,ua He MO:;KeT OLIThL COOTHOIIEHUA

Cl)\l = O, Cc1 € ]R, C1 75 O,

nHaue, mycTb P Takoe, uto A; (P) # 0. Toraa ¢; A1 (P) = 0 Bieuet

npoTuBopeune. Tenepb NpeAnoNoxKuM, YToO TeopeMa BepHa 110 HH-
AyRUuKU 0aA m — 1 pa3auuHbIX HeHYJeBbIX XapakTepoB. Ilpearmno-
JOKUM, YTO MbI HMeeM COOTHOIIEHHE

Cl)\l —|—...—|-Cm)\m :O, (1)

rge He Bce KodpduuueHntel c¢; pabHbl (0. Ecau ogun kosddu-
nveHT paBeH (, To Mbl MMeeM COOTHOIIeEHHEe Memay He Oolee
yeM m — 1 pa3iuyYHbBIMU HEHYJIeBbIMU XapaKkTepaMH, 4TO He-
BO3MOHO 1o uHAyKnuu. Ilostomy ¢; # 0 qna j = 1,...,m
u m > 2. llo npeanonoxeHuto, cyiecTByeT dneMeHT P € S Ta-
KoM, 4TO A1 (P) # A2(P). 3aTeM MbI UCHONb3Yy€EM MIKOILHOE Tpa-
BUJIO YHUUTOMEHUA ClaraeMbiX, 4TOObI MOJYYUTb COOTHOIIEHUE
MEM Y MeHee UyeM 1 XapaKkTepaMu.
Mo dpopmyie (1) umeem

AaM(PQ)+ ...+ A (PQ) =0 nandaBcex @ € S.
[lo MyJIbTUININKATUBHOMY CBONCTBY MOJIYYaem
c1 A1 (P)A1(Q) + c2 A2 (P)A2(Q) + ... + cmAm (P)An(Q) =0 (2)

niasA Beex € S. YvHoxkaem (1) Ha A (P) u BeIluMcigeM B (),
4TOOBI MOMYYUUTh

Cl)\l (P))\l (Q) + Cz)\l (P)Az(Q) + ...+ Cm)\l(P))\m(Q) = 0. (3)
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Briuntanue (3) u3 (2) yHUUTOMaeT mepBoe claraemMoe U MpHUBO-
IUT K

c2(A2(P) — M (P))A2(Q) + ... + em(Am (P) — A (P))An(Q) Z(O)

4
niasa Becex Q € S. Tar rak A (P) — A (P) # 0 u ¢ # 0, MbI
BUIUM, uTO (4) ABIAETCA TMHEHHBIM COOTHOIIEHNEM C HEHYIEBbI-
MH Ko3(dduireHTaMu Memxay He Goiee yeM m — 1 pasinnMvHbIMU
HEHYJIEeBbBIMU XapaKTepaMU, YTO MPOTHUBOPEUYUT MPeAH0N0HEeHUIO
WHIYKIUKM U 3aBeplliaeT I0Ka3aTelbCTBO. u

IHycte A — xapartep S. IIyTb Ay, — ero orpaHudeHue
na SW. IlycTs
Ei(S" (), Aw)

MHOMECTBO aHaqiuTHdeckuXx ¢yHirnuii B R", KoTopble ABIAIOT-
w

cA cobcTBeHHBIMU pyHEUUAMEU S* () ¢ xapakTepoM Ay, uau 0.

Ilox anaaumuueckotl Pynryueil Mbl IoHHIMaeM QYHKINIO, Yeil pAL

Teitnopa cxogutcd K camoil ¢yHKIuUU. CBOHCTBO coOCTBEHHOI

GYHKIMU o3HayaeT, UYTo GyHKUUA F' ynoBieTBOpAeT COOTHOIIIe-

HUIO

P(O)F = A\, (P)F nmnsaBcex PcSY.

3amerbre, uto Ei(SW(9), A\jy) — BeKTOpHOE NpPOCTPAHCTBO
Hag R. ®akTom ABIAETCA TO, UTO TaKkafd aHaJIUTH4YecKad (QYyHHK-
nuA goixHa uMeThb Bul (Q f, rae () — noauHom u f — xapakrep,
HO MBI cobupaeMcA I0Ka3aTh ITOT GarT ApyruM crnoco6om. Ha-
30BEM

Ei(S" (9), Aw)

Ay -cobcmeennoim npocmpancmeon SV (9). UlreiinGepr onucan
3TO cOGCTBEHHOE MPOCTPAHCTBO B 001eM ciayyae [St 64]. Mbr onu-
meM ero W JaguM [oKasaTeJbCTBO B YAacTHOM cllyudae, r'Je Xa-
pakTep A UMeeT BUA Ag C n-Koit s = (81, ..., S,) TAKOi, 4TO
yuena Sy, ..., S, pas3iuyHbl. B 3ToM ciyyae xapakTep A = A;
Ha3bIBaeTCA pe2yAapHbLM.

Teopema 7. Ilycmv A — peeyasapnuili xapaxkmep. Tozda
dimEi(SY (9), A\y,) = #W.
IIycmv A = Ag, u nycmo f = fs — sKxcnoHenyuaavHaa Pynryus

flx) = e’t®t . en¥n,
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Tozda ¢ynruuu wf, w € W obpasyiom 6asuc 8 cobcmeeHHoOM Npo-
cmpancmee. /Jpyeumu caosamu, PyHKuuu, noayieHmvle u3 f ne-
pecmaHosKoll nepemeHHsvlT, 06pasywm 6a3uc 6 co6CmeeHHOM NPo-
cmpancmee.

JTOKA3ATEJILCTBO.

T. K. KOOPAUHATEI S1, ... , Sy, PA3JUUYHbIE, MbI IOJyYaeM, YTO
GyHKIMY w f, moJydeHHble U3 [ IepecTaHOBKON MepeMeHHbIX, —
pasiuuHble, 1 OHU ABJIAIOTCA XapaKkTepaMu, II03TOMY OHU JHMHeMH-
HO He3aBUCUMbI o TeopeMe ApTuHa. Temepb MbI JOJIHHBI 10-
KaszaTh, uTo pasmepHocTh Ei(SW(9), Ay,) He Goabme #W. 1o
3aBepUIUT JokasaTelbcTBo TeopeMbl IlTeiinGepra.

Mycrts {H1, ..., H,} — 6a3uc Hary,. OTo6pasum coGcTBEH-
Hoe npocTpaHcTBo B R”, Menoab3ysa oTobpamenue

fe= (H(0)£)(0), ..., (Hn(9)£)(0)).

OTob6pameHue NMHEHHOE, U JOCTATOYHO [JOKa3aTb, YTO OHO UHB-
ekTuBHO. Eciu o6pas f pasen (0, ..., 0), To (H(0)f)(0) = 0 nas
Bcex H € Haryy,. Ilo Teopeme 2, S = SWHary,. llyets P € SY,
TOr/la /A HEKOTOPOro CKalfApa (i MoNydaem

H(9)P(9)f = nH(9)f,

noaToMy a1f Beex (Q € S — (Q(9) f)(0) = 0. CnegoBaTenbHo, pAL
Teitnopa dyuruuu f B 0 TosaecTBeHHO paBeH Hym0. T.K. f —
BellleCTBEHHO aHaluTu4ecKas, To f = 0, U3 4yero moiydaeM HHB-
eKTHUBHOCTh U OrpaHuueHue, paBHoe # W, Ha pasmMepHOCTH co6-
CTBEHHOTr0 MPOCTPaHCTBA. JTO 3aBepliiaeT I0Ka3aTeNbCTBO TEOpe-
MBI 2. |

3AMEYAHHUE. [lokazaTteabcTBo IllTeiinbepra B o61iem ciyudae
clegyeT TOMY #e IabJoHy, HO BMECTO SKCIOHEHIIUAAbHbIX (yHK-
Uil B poau cOOCTBEHHBIX PYHKINI MPUXOAUTCA UCIOIb30BaTh Te
e PYHKIMH YMHOMEHUA Ha olpejelleHHble MOJNHOMbI, KOTOpbIEe
MOKHO ABHO BbIYUCIUTEL. OOcy#aeHre cTaHOBUTCA HECKOJIbKO 00-
Jee TeXHHMUYECKHM, U ceiiyac camoe BpeMf 3aKOHUYHTh.
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